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Abstract: A b-ghost was constructed for the D = 11 non-minimal pure spinor superpar-
ticle by requiring that {Q, b} = T where Q = ΛαDα+RαW¯α is the usual non-minimal pure
spinor BRST operator. As was done for the D = 10 b-ghost, we will show that the D = 11
b-ghost can be simplified by introducing an SO(10, 1) fermionic vector Σ¯i constructed out
of the fermionic spinor Dα and pure spinor variables. This simplified version will be shown
to satisfy {Q, b} = T and {b, b} = BRST - trivial.
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1 Introduction
The D = 11 pure spinor superparticle is a useful tool to describe D = 11 linearized
supergravity in a manifestly covariant way [1]. This formalism describes physical states
as elements of the cohomology of a BRST operator defined by Qmin = ΛαDα, where Λα
– 1 –
is a D = 11 pure spinor1 satisfying the constraint ΛΓaΛ = 0, a is an SO(10, 1) vector
index, and Dα are the first-class constraints of the D = 11 Brink-Schwarz-like superparticle
[3]. The spectrum found by using this formalism coincides with that obtained via the BV
quantization of D = 11 linearized supergravity and includes the graviton, gravitino, and
3-form at ghost-number 3, as well as their ghosts and antifields at other ghost number [1, 4],
each one of them satisfying certain equations of motion and gauge invariances as dictated
by the BV prescription.
Motivated by the non-minimal version of the pure spinor superstring [5], Cederwall
formulated the D = 11 non-minimal pure spinor superparticle by introducing a new set of
variables Λ¯α, Rβ and their respective momenta W¯α, Sβ , where Λ¯α is a D = 11 bosonic
spinor and Rβ is a D = 11 fermionic spinor satisfying the constraints Λ¯ΓaΛ¯ = 0 and
Λ¯ΓaR = 0 [6, 7]. In order for the new variables to not affect the physical spectrum, the
BRST operator should be modified to Q = ΛαDα +RαW¯α, as in the quartet argument of
[8]. In the non-minimal pure spinor formalism of superstring, one can formulate a consistent
prescription to compute scattering amplitudes by constructing a non-fundamental b ghost
satisfying {Q, b} = T . Therefore, it is important to know if a similar b ghost can be
constructed in the D = 11 superparticle case.
The D = 11 b-ghost was first constructed in [9] in terms of quantities which are not
manifestly invariant under the gauge symmetries of wα generated by ΛΓaΛ = 0. This
b-ghost was later shown in [10] to be Q-equivalent to one written in terms of the gauge-
invariant quantities Nab and J , and we will focus on this manifestly gauge-invariant version
of the b-ghost.
The complicated form of the b-ghost in [10] makes it difficult to treat, so for instance
its nilpotency property {b, b} has not yet been analyzed. A similar complication exists
in D = 10 dimensions, however, it was shown in [11] that the D = 10 b-ghost could be
simplified by defining new fermionic vector variables. In this paper, a similar simplification
involving fermionic vector variables will be found for the D = 11 b-ghost which will simplify
the computations of {Q, b} = T and {b, b}.
The paper is organized as follows: In section 2 we review the D = 10 non-minimal
pure spinor superparticle, constructing the corresponding pure spinor b-ghost and its sim-
plification. In section 3 we review the D = 11 pure spinor superparticle, constructing the
manifestly gauge-invariant b-ghost and explaining how to translate the simplification of the
D = 10 b-ghost to the D = 11 b-ghost by defining the SO(10, 1) composite fermionic vector
Σ¯j . Finally we construct the simplified D = 11 b-ghost and show that it satisfies the rela-
tions {Q, b} = T and {b, b} = BRST-trivial. Some comments are given at the end of the
paper concerning the relation between the b-ghost found in [10] and this simplified b-ghost.
1In this paper, a d=11 pure spinor Λα will be defined to satisfy ΛΓaΛ = 0. A d=11 pure spinor is
sometimes [2] defined to satisfy both ΛΓaΛ = 0 and ΛΓabΛ = 0.
– 2 –
2 D = 10 non-minimal pure spinor superparticle
The D = 10 (minimal) pure spinor superparticle action is given by [12]:
S =
∫
dτ(X˙mPm + θ˙
µpµ − 1
2
PmPm + λ˙
µwµ) (2.1)
where m, µ are SO(9, 1) vector/spinor indices, θµ is an SO(9, 1) Majorana-Weyl spinor, pµ
is its corresponding conjugate momentum and Pm is the momentum. The variable λµ is a
D = 10 pure spinor satisfying the constraint λγmλ = 0 wherem is an SO(9, 1) vector index,
and wµ is its corresponding conjugate momentum. Because of the pure spinor constraint
this SO(9, 1) antichiral spinor is defined up to the gauge transformation δwµ = (γmλ)µfm,
where fm is an arbitrary vector. The SO(9, 1) gamma matrices denoted by γm satisfy the
Clifford algebra (γm)µν(γn)νρ+ (γn)µν(γm)νρ = 2ηmnδ
ρ
µ. The physical states are defined as
elements of the cohomology of the BRST operator Q = λµdµ, where dµ = pµ − Pm(γmθ)µ
are the first-class constraints of the D = 10 Brink-Schwarz superparticle [13]. The spectrum
turns out to describe the BV version of D = 10 (abelian) Super Yang-Mills [12, 14, 15].
In the non-minimal version of the pure spinor superparticle [5][16], one introduces a
new pure anti-Weyl spinor λ¯µ, and a fermionic field rµ satisfying the constraint λ¯γmr = 0,
together with their respective conjugate momenta w¯µ, sµ. In order to not affect the coho-
mology corresponding to Qmin, the non-minimal BRST operator is defined as Qnon−min =
λµdµ + w¯
µrµ. Thus the D = 10 non-minimal pure spinor superparticle is described by the
action:
S =
∫
dτ(X˙mPm + θ˙
µpµ − 1
2
PmPm + λ˙
µwµ + w¯
µ ˙¯λµ + r˙µs
µ) (2.2)
and the BRST operator Q = λµdµ + w¯µrµ. By construction, the physical spectrum also
describes BV D = 10 (abelian) Super Yang-Mills.
2.1 D = 10 b-ghost
As discussed in [16, 17] a consistent scattering amplitude prescription can be defined
using a composite b-ghost satisfying {Q, b} = T , whereQ is the non-minimal BRST operator
and T = −12P aPa is the stress-energy tensor. This superparticle b-ghost is obtained by
dropping the worldsheet non-zero modes in the superstring b ghost and is
b =
1
2
(λ¯γmd)
λ¯λ
Pm − 1
192
(λ¯γmnpr)[(dγmnpd) + 24NmnPp]
(λ¯λ)2
+
1
16
(rγmnpr)(λ¯γ
md)Nnp
(λ¯λ)3
− 1
128
(rγmnpr)(λ¯γ
pqrr)NmnNqr
(λ¯λ)4
(2.3)
where Nmn = 12λγmnw.
The complicated nature of this expression makes it difficult to prove nilpotence [18],
however it was shown in [11] that the b-ghost can be simplified by introducing an SO(9, 1)
composite fermionic vector Γ¯m satisfying the constraint (γmλ¯)µΓ¯m = 0. In the expression
(2.3), the terms involving dµ always appear in the combination
Γ¯m =
1
2
(λ¯γmd)
(λ¯λ)
− 1
8
(λ¯γmnpr)Nnp
(λ¯λ)2,
(2.4)
– 3 –
and using this Γ¯m, the b-ghost can be written in the simpler form:
b = PmΓ¯m − 1
4
(λγmnr)
(λ¯λ)
Γ¯mΓ¯n (2.5)
This simplified D = 10 b-ghost was shown to satisfy the property {Q, b} = T in [19], and as
shown in Appendix I, the nilpotence property {b, b} = 0 easily follows from {Γ¯m, Γ¯n} = 0
and [Γ¯m, λ¯λ] = 0.
3 D = 11 non-minimal pure spinor superparticle
The D = 11 non-minimal pure spinor superparticle action is given by [1]
S =
∫
dτ(X˙aPa + Θ˙
αPα − 1
2
P aPa + Λ˙
αWα +
˙¯ΛαW¯
α + R˙αS
α) (3.1)
We use letters of the beginning of the Greek alphabet (α, β, . . .) to denote SO(10, 1) spinor
indices and henceforth we will use Latin letters (a, b, . . . , l,m, . . .) to denote SO(10, 1) vector
indices, unless otherwise stated. In (3.1) Θα is an SO(10, 1) Majorana spinor and Pα is its
corresponding conjugate momentum, and Pa is the momentum for Xa. The variables Λα,
Λ¯α are D = 11 pure spinors and Wα, W¯α are their respective conjugate momenta, Rα is
an SO(10, 1) fermionic spinor satisfying Λ¯ΓaR = 0 and Sα is its corresponding conjugate
momentum. The SO(10, 1) gamma matrices denoted by Γa satisfy the Clifford algebra
(Γa)αβ(Γ
b)βσ + (Γb)αβ(Γ
a)βσ = 2ηabδσα. In D = 11 dimensions there exist an antisymmetric
spinor metric Cαβ (and its inverse (C−1)αβ) which allows us to lower (and raise) spinor
indices (e.g. (Γa)αβ = CασCβδ(Γa)σδ, (Γa)αβ = C
ασ(Γa)σβ , etc).
The physical states described by this theory are defined as elements of the cohomology
of the BRST operator Q = ΛαDα+RαW¯α where Dα = Pα−Pa(ΓaΘ)α and describe D = 11
linearized supergravity.
3.1 D = 11 b-ghost and its simplification
As in the D = 10 case, a composite D = 11 b-ghost can be constructed satisfying the
properties {Q, b} = T where T = −P aPa, and was found in [9, 10, 20] to be:
b =
1
2
η−1(Λ¯ΓabΛ¯)(ΛΓabΓiD)Pi + η−2L
(1)
ab,cd[(ΛΓ
aD)(ΛΓbcdD) + 2(ΛΓabcijΛ)N
diP j
+
2
3
(ηb pη
d
q − ηbdηpq)(ΛΓapcijΛ)NijP q]−
1
3
η−3L(2)ab,cd,ef{(ΛΓabcijΛ)(ΛΓdefD)Nij
− 12[(ΛΓabceiΛ)ηfj − 2
3
ηf [a(ΛΓbce]ijΛ](ΛΓdD)Nij}
+
4
3
η−4L(3)ab,cd,ef,gh(ΛΓ
abcijΛ)[(ΛΓdefgkΛ)ηhl − 2
3
ηh[d(ΛΓefg]klΛ)]{Nij , Nkl} (3.2)
where
η = (ΛΓabΛ)(Λ¯ΓabΛ¯) (3.3)
L
(n)
a0b0,a1b1,...,anbn
= (Λ¯ΓJa0b0Λ¯)(Λ¯Γa1b1R) . . . (Λ¯ΓanbnKR) (3.4)
– 4 –
and JK means antisymmetrization between each pair of indices. The D = 11 ghost current
is defined by Nij = ΛΓijW .
To simplify this complicated expression for the D=11 b-ghost, we shall mimic the
procedure explained above for the D=10 b-ghost and look for a similar object to Γ¯m. A
hint comes from looking at the quantity multiplying the momentum P i in the expression
for the D=11 b-ghost:
b = P i[
1
2
η−1(Λ¯ΓabΛ¯)(ΛΓabΓiD) + η−2L
(1)
ab,cd[2(ΛΓ
abc
kiΛ)N
dk
+
2
3
(ηb pη
d
i − ηbdηpi)(ΛΓapcqjΛ)Nqj ]] + . . . (3.5)
Therefore our candidate to play the analog role to Γ¯m is:
Σ¯i = Σ¯i0 +
2
η2
L
(1)
ab,cd(ΛΓ
abckiΛ)Ndk +
2
3η2
L
(1) i
ab,c (ΛΓ
abcqjΛ)Nqj − 2
3η2
L
(1) d
ad,c (ΛΓ
aicqjΛ)Nqj
(3.6)
where Σ¯i0 =
1
2η
−1(Λ¯ΓabΛ¯)(ΛΓabΓiD) is the only term containing Dα’s. Using the identities
(B.1), (B.2) in Appendix B, one finds that Σ¯j satisfies the constraint:
(Λ¯ΓabΛ¯)Σ¯
a = 0. (3.7)
Furthermore, it will be shown in Appendix D that theDα’s appearing in Σ¯i0 are the same
as those appearing in the b-ghost. Therefore a plausible assumption for the simplification
of the b-ghost would be b = P iΣ¯i + O(Σ¯2). As will now be shown, the simplified form of
the b-ghost satisfying {Q, b} = T is indeed
b = P iΣ¯i − 2
η
(Λ¯ΓacR)(ΛΓ
ajΛ)Σ¯jΣ¯
c − 1
η
(Λ¯R)(ΛΓjkΛ)Σ¯jΣ¯k (3.8)
3.2 Computation of {Q, Σ¯j}
To show that the b-ghost of (3.8) satisfies {Q, b} = T , it will be convenient to first
compute {Q, Σ¯i} where, using the identities (B.10), (B.13),
Σ¯i = Σ¯i0 +
2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
abckiΛ)Ndk +
2
3η2
(Λ¯ΓabΛ¯)(Λ¯Γ
i
c R)(ΛΓ
abcqjΛ)Nqj
− 2
3η2
(Λ¯ΓacΛ¯)(Λ¯R)(ΛΓ
aicqjΛ)Nqj (3.9)
Using equation (3.9) and the identities (B.20), (B.21), (B.22), (B.23):
{Q, Σ¯i} = −P i − 2
η
[(Λ¯ΓmbΛ¯)(ΛΓ ib Λ)− (Λ¯ΓibΛ¯)(ΛΓ mb Λ)]Pm +
2
η
(Λ¯ΓmnR)(ΛΓ
mnΛ)Σ¯i0
+
4
η
(Λ¯ΓmnR)(ΛΓmnΛ)(Σ¯
i − Σ¯i0)−
1
η
(Λ¯ΓabR)(ΛΓ
abΓiD)
− 2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
abckiΛ)(ΛΓdkD)−
2
3η2
(Λ¯ΓabΛ¯)(Λ¯Γ
i
c R)(ΛΓ
abcdkΛ)(ΛΓdkD)
− 2
3η2
(Λ¯ΓabΛ¯)(Λ¯R)(ΛΓ
iabdkΛ)(ΛΓdkD)− 4
η2
(Λ¯ΓabR)(Λ¯ΓcdR)(ΛΓ
abckiΛ)Ndk
– 5 –
− 4
3η2
(Λ¯ΓabR)(Λ¯Γ
i
c R)(ΛΓ
abcdkΛ)Ndk − 4
3η2
(Λ¯ΓabR)(Λ¯R)(ΛΓ
iabdkΛ)Ndk
− 2
3η2
(Λ¯ΓabΛ¯)(RR)(ΛΓ
iabdkΛ)Ndk (3.10)
As shown in Appendix F, this expression in invariant under the same gauge transfor-
mations under which Σ¯i0 is invariant:
δDα = (Γ
ijΛ′)αfij (3.11)
where (Λ′)α = 12η (Λ¯ΓmnΛ¯)(ΛΓ
mn)α is a pure spinor, and fij is an antisymmetric gauge
parameter. Therefore we can write all Dα’s in this object in terms of Σ¯i0, and the result is
(see Appendix F):
{Q, Σ¯i} = −P i − 2
η
[(Λ¯ΓmbΛ¯)(ΛΓ ib Λ)− (Λ¯ΓibΛ¯)(ΛΓ mb Λ)]Pm +
4
η
(Λ¯ΓmnR)(ΛΓ
mnΛ)(Σ¯i − Σ¯i0)
− 2
η
(Λ¯ΓciR)(ΛΓckΛ)Σ¯
k
0 +
4
η
(Λ¯ΓcdR)(ΛΓ
ciΛ)Σ¯d0 +
2
η
(Λ¯R)(ΛΓikΛ)Σ¯0 k
− 2
η2
(Λ¯ΓcdR)(ΛΓ
cdΛ)(Λ¯ΓinΛ¯)(ΛΓnkΛ)Σ¯0 k − 4
η2
(Λ¯ΓabR)(Λ¯ΓcdR)(ΛΓ
abckiΛ)Ndk
− 4
3η2
(Λ¯ΓabR)(Λ¯Γ
i
c R)(ΛΓ
abcdkΛ)Ndk − 4
3η2
(Λ¯ΓabR)(Λ¯R)(ΛΓ
iabdkΛ)Ndk
− 2
3η2
(Λ¯ΓabΛ¯)(RR)(ΛΓ
iabdkΛ)Ndk (3.12)
After plugging (3.9) into (3.12), all of the terms explicitly depending on Nab are can-
celled and we get (see appendix G):
{Q, Σ¯i} = −P i − 2
η
[(Λ¯ΓmbΛ¯)(ΛΓ ib Λ)− (Λ¯ΓibΛ¯)(ΛΓ mb Λ)]Pm −
2
η
(Λ¯ΓciR)(ΛΓckΛ)Σ¯
k
+
4
η
(Λ¯ΓcdR)(ΛΓ
ciΛ)Σ¯d +
2
η
(Λ¯R)(ΛΓikΛ)Σ¯k − 2
η2
(Λ¯ΓcdR)(ΛΓ
cdΛ)(Λ¯ΓinΛ¯)(ΛΓnkΛ)Σ¯k
(3.13)
3.3 {Q, b} = T
Using (3.13) it is now straightforward to compute {Q, b}:
{Q, b} = P i{Q, Σ¯i} − 4
η2
(ΛΓmnΛ)(Λ¯ΓmnR)(Λ¯Γ
ajR)(ΛΓakΛ)Σ¯
kΣ¯j
+
2
η
(Λ¯ΓajR)(ΛΓakΛ)({Q, Σ¯k})Σ¯j − 2
η
(Λ¯ΓajR)(ΛΓakΛ)Σ¯
k({Q, Σ¯j})
− 2
η2
(ΛΓmnΛ)(Λ¯ΓmnR)(Λ¯R)(ΛΓ
jkΛ)Σ¯jΣ¯k +
1
η
(RR)(ΛΓjkΛ)Σ¯jΣ¯k
+
1
η
(Λ¯R)(ΛΓjkΛ)({Q, Σ¯j})Σ¯k − 1
η
(Λ¯R)(ΛΓjkΛ)Σ¯j({Q, Σ¯k}) (3.14)
To make the computations transparent, each term in (3.14) involving {Q, Σ¯i} will be sim-
plified separately:
M1 = P
i{Q, Σ¯i}
– 6 –
= Pi{−P i − 2
η
[(ΛΓibΛ)(Λ¯ΓbmΛ¯)− (ΛΓmbΛ)(Λ¯ΓbiΛ¯)]Pm
− 2
η
(Λ¯ΓciR)(ΛΓckΛ)Σ¯
k +
4
η
(Λ¯ΓcdR)(ΛΓ
ciΛ)Σ¯d
+
2
η
(Λ¯R)(ΛΓikΛ)Σ¯k − 2
η2
(Λ¯ΓcdR)(ΛΓcdΛ)(Λ¯Γ
inΛ¯)(ΛΓnkΛ)Σ¯
k}
= −P 2 − 2
η
(Λ¯ΓciR)(ΛΓckΛ)PiΣ¯
k +
4
η
(Λ¯ΓcdR)(ΛΓ
ciΛ)PiΣ¯
d
+
2
η
(Λ¯R)(ΛΓikΛ)PiΣ¯k − 2
η2
(Λ¯ΓcdR)(ΛΓcdΛ)(Λ¯Γ
inΛ¯)(ΛΓnkΛ)PiΣ¯
k (3.15)
M2 =
2
η
(Λ¯ΓajR)(ΛΓakΛ)({Q, Σ¯k})Σ¯j
=
2
η
(Λ¯ΓajR)(ΛΓakΛ)[−P k + 2
η
(ΛΓmbΛ)(Λ¯Γ
bkΛ¯)Pm − 2
η
(Λ¯ΓckR)(ΛΓcpΛ)Σ¯
p
− 2
η2
(Λ¯ΓcdR)(ΛΓcdΛ)(Λ¯Γ
knΛ¯)(ΛΓnpΛ)Σ¯
p]Σ¯j
= −2
η
Λ¯ΓajR(ΛΓakΛ)P
kΣ¯j +
4
η2
(Λ¯ΓajR)(ΛΓakΛ)(ΛΓmbΛ)(Λ¯Γ
bkΛ¯)PmΣ¯j
− 4
η2
(Λ¯ΓajR)(ΛΓakΛ)(Λ¯Γ
ckR)(ΛΓcpΛ)Σ¯
pΣ¯j
− 4
η3
(Λ¯ΓajR)(ΛΓakΛ)(Λ¯Γ
cdR)(ΛΓcdΛ)(Λ¯Γ
knΛ¯)(ΛΓnpΛ)Σ¯
pΣ¯j
Using (B.2), we get
M2 = −2
η
(Λ¯ΓajR)(ΛΓakΛ)P
kΣ¯j +
2
η
(Λ¯ΓajR)(ΛΓmaΛ)P
mΣ¯j
− 2
η2
(Λ¯ΓajR)(ΛΓapΛ)(Λ¯Γ
ckR)(ΛΓckΛ)Σ¯
pΣ¯j
− 2
η2
(Λ¯ΓajR)(ΛΓpaΛ)(Λ¯Γ
cdR)(ΛΓcdΛ)Σ¯
pΣ¯j
= −4
η
(Λ¯ΓajR)(ΛΓakΛ)P
kΣ¯j (3.16)
M3 = −2
η
(Λ¯ΓajR)(ΛΓakΛ)Σ¯
k({Q, Σ¯j})
= −2
η
(Λ¯ΓajR)(ΛΓakΛ)Σ¯
k{−Pj − 2
η
[(ΛΓjbΛ)(Λ¯Γ
bmΛ¯)− (ΛΓmbΛ)(Λ¯ΓbjΛ¯)]Pm
− 2
η
(Λ¯ΓcjR))(ΛΓ
cpΛ)Σ¯p +
4
η
(Λ¯ΓcdR)(ΛΓcjΛ)Σ¯d +
2
η
(Λ¯R)(ΛΓjpΛ)Σ¯
p
− 2
η2
(Λ¯ΓcdR)(ΛΓcdΛ)(Λ¯ΓjnΛ¯)(ΛΓ
npΛ)Σ¯p}
=
2
η
(Λ¯ΓajR)(ΛΓakΛ)Σ¯
kPj +
4
η2
(Λ¯ΓajR)(ΛΓakΛ)Σ¯
k(ΛΓjbΛ)(Λ¯Γ
bmΛ¯)Pm
− 4
η2
(Λ¯ΓajR)(ΛΓakΛ)Σ¯
k(ΛΓmbΛ)(Λ¯ΓbjΛ¯)Pm +
4
η2
(Λ¯ΓajR)(ΛΓakΛ)Σ¯
k(Λ¯ΓcjR)(ΛΓcpΛ)Σ¯
p
– 7 –
− 8
η2
(Λ¯ΓajR)(ΛΓakΛ)Σ¯
k(Λ¯ΓcdR)(ΛΓcjΛ)Σ¯d − 4
η2
(Λ¯ΓajR)(ΛΓakR)Σ¯
k(Λ¯R)(ΛΓjpΛ)Σ¯
p
+
4
η3
(Λ¯ΓajR)(ΛΓakΛ)Σ¯
k(Λ¯ΓcdR)(ΛΓcdΛ)(Λ¯ΓjnΛ¯)(ΛΓ
npΛ)Σ¯p
Using (B.2), (B.5), (B.19):
M3 =
2
η
(Λ¯ΓajR)(ΛΓakΛ)Σ¯
kPj +
2
η2
(Λ¯ΓajR)(ΛΓajΛ)(ΛΓ
kbΛ)(Λ¯ΓbmΛ¯)Σ¯kP
m
+
2
η
(Λ¯R)(ΛΓmkΛ)PmΣ¯k − 2
η2
(Λ¯ΓacR)(ΛΓ
acΛ)(Λ¯R)(ΛΓkpΛ)Σ¯kΣ¯p
− 1
η
(RR)(ΛΓkpΛ)Σ¯kΣ¯p +
4
η2
(Λ¯ΓajR)(ΛΓajΛ)(Λ¯Γ
cdR)(ΛΓckΛ)Σ¯
kΣ¯d
+
2
η2
(Λ¯ΓajR)(ΛΓajΛ)(Λ¯R)(ΛΓ
kpΛ)Σ¯kΣ¯p − 2
η2
(Λ¯R)(ΛΓkpΛ)(Λ¯ΓcdR)(ΛΓ
cdΛ)Σ¯kΣ¯p
=
2
η
(Λ¯ΓajR)(ΛΓakΛ)Σ¯
kPj +
2
η2
(Λ¯ΓajR)(ΛΓajΛ)(ΛΓ
kbΛ)(Λ¯ΓbmΛ¯)Σ¯kP
m
+
2
η
(Λ¯R)(ΛΓmkΛ)PmΣ¯k − 1
η
(RR)(ΛΓkpΛ)Σ¯kΣ¯p +
4
η2
(Λ¯ΓajR)(ΛΓajΛ)(Λ¯Γ
cdR)(ΛΓckΛ)Σ¯
kΣ¯d
− 2
η2
(Λ¯R)(ΛΓkpΛ)(Λ¯ΓcdR)(ΛΓ
cdΛ)Σ¯kΣ¯p (3.17)
M4 =
1
η
(Λ¯R)(ΛΓjkΛ)({Q, Σ¯j})Σ¯k
= −1
η
(Λ¯R)(ΛΓjkΛ)PjΣ¯k +
2
η2
(Λ¯R)(ΛΓjkΛ)(ΛΓmbΛ)(Λ¯ΓbjΛ¯)PmΣ¯k
− 2
η2
(Λ¯R)(ΛΓjkΛ)(Λ¯ΓcjR)(ΛΓ
cpΛ)Σ¯pΣ¯k − 2
η3
(Λ¯R)(ΛΓjkΛ)(Λ¯ΓcdR)(ΛΓ
cdΛ)(Λ¯ΓjnΛ¯)(ΛΓ
npΛ)Σ¯pΣ¯k
= −1
η
(Λ¯R)(ΛΓjkΛ)PjΣ¯k +
1
η
(Λ¯R)(ΛΓkmΛ)PmΣ¯k
− 1
η2
(Λ¯R)(ΛΓpkΛ)(Λ¯ΓcjR)(ΛΓcjΛ)Σ¯pΣ¯k − 1
η2
(Λ¯R)(Λ¯ΓcdR)(ΛΓcdΛ)(ΛΓ
kpΛ)Σ¯pΣ¯k
= −2
η
(Λ¯R)(ΛΓjkΛ)PjΣ¯k (3.18)
M5 = −1
η
(Λ¯R)(ΛΓjkΛ)Σ¯j({Q, Σ¯k})
=
1
η
(Λ¯R)(ΛΓjkΛ)Σ¯jPk − 2
η2
(Λ¯R)(ΛΓjkΛ)Σ¯j(ΛΓ
mbΛ)(Λ¯ΓbkΛ¯)Pm
+
2
η2
(Λ¯R)(ΛΓjkΛ)Σ¯j(Λ¯ΓckR)(ΛΓ
cpΛ)Σ¯p +
2
η3
(Λ¯R)(ΛΓjkΛ)Σ¯j(Λ¯Γ
cdR)(ΛΓcdΛ)(Λ¯ΓknΛ¯)(ΛΓ
npΛ)Σ¯p
=
1
η
(Λ¯R)(ΛΓkjΛ)PjΣ¯k − 1
η
(Λ¯R)(ΛΓmjΛ)PmΣ¯j
+
1
η2
(Λ¯R)(ΛΓjpΛ)Σ¯j(Λ¯Γ
ckR)(ΛΓckΛ)Σ¯p +
1
η2
(Λ¯R)(ΛΓpjΛ)Σ¯j(Λ¯Γ
cdR)(ΛΓcdΛ)Σ¯p
= −2
η
(Λ¯R)(ΛΓjkΛ)PjΣ¯k (3.19)
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Putting together all the terms in (3.14):
{Q, b} =
5∑
i=1
Mi − 4
η2
(ΛΓmnΛ)(Λ¯ΓmnR)(Λ¯Γ
ajR)(ΛΓakΛ)Σ¯
kΣ¯j
− 2
η2
(ΛΓmnΛ)(Λ¯ΓmnR)(Λ¯R)(ΛΓ
jkΛ)Σ¯jΣ¯k +
1
η
(RR)(ΛΓjkΛ)Σ¯jΣ¯k
= −P 2 (3.20)
Recalling that T = −P 2 is the stress-energy tensor, we have checked that {Q, b} = T .
3.4 {b, b} = BRST-trivial
In the D=10 case, the identity {Γ¯m, Γ¯n} = 0 was crucial for showing that {b, b} = 0.
However, in the D=11 case, it is shown in Appendix H that {Σ¯j , Σ¯k} is non-zero and is
proportional to Rα. This implies that
{b, b} = RαGα(Λ, Λ¯, R,W,D) (3.21)
for some Gα(Λ, Λ¯, R,W,D).
Note that [Q, {b, b}] = 0 since [b, T ] = 0 where T = −PaP a. Since Q = ΛαDα+RαW¯α,
the quartet argument implies that the cohomology of Q is independent of Rα, which allows
us to conclude that {b, b} = BRST-trivial. It would be interesting to investigate if this
BRST-triviality of {b, b} is enough for the scattering amplitude prescription using the b-
ghost to be consistent.
4 Remarks
We have succeeded in finding a considerably simpler form in (3.8) for the D=11 b-ghost
than that of equation (3.2) which was presented in [10]. Although this simplified version
is not strictly nilpotent, it satisfies the relation {b, b} = BRST-trivial which may be good
enough for consistency.
It is natural to ask if the simplified D = 11 b-ghost (3.8) is the same as the b-ghost
presented in (3.2). These two expressions are compared in Appendix I and we find that they
coincide up to normal-ordering terms coming from the position of Nmn in each expression.
Note that the product of Nmn’s appears as an anticommutator in (3.2) whereas it appears
as an simple ordinary product in (3.8). However, because we have ignored normal-ordering
questions in our analysis, we will not attempt to address this issue.
5 Acknowledgments
MG acknowledges FAPESP grant 15/23732-2 for financial support and NB acknowl-
edges FAPESP grants 2016/01343-7 and 2014/18634-9 and CNPq grant 300256/94-9 for
partial financial support.
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A D = 10 gamma matrix identities
In D = 10 we have chiral and antichiral spinors which will be denoted by χα and χα
respectively. The product of two spinors can be decomposed into two forms depending on
the chiralities of the spinors used:
ξµχ
ν =
1
16
δνµ(ξχ)−
1
2!16
(γmn)ν µ(ξγmnχ) +
1
4!16
(γmnpq)ν µ(ξγmnpqχ) (A.1)
ξµχν =
1
16
γµνm (ξγ
mχ) +
1
3!16
(γmnp)
µν(ξγmnpχ) +
1
5!32
γµνmnpqr(ξγ
mnpqrχ) (A.2)
The 1-form and 5-form are symmetric, and the 3-form is antisymmetric. Furthermore, it is
true that (γmn)µν = −(γmn) µν , (γmnpq)µν = (γmnpq) µν .
Two particularly useful identities are:
(γm)(µν(γm)ρ)σ = 0 (A.3)
(γm)µν(γm)
ρ
σ = 4(γ
m)µρ(γm)νσ − 2δµν δρσ − 8δµσδρν (A.4)
From A.4 we can deduce the following:
(γmn)µνγ
ρσ
mnp = 2(γ
m)µρ(γpm)
σ
ν + 6γ
µρ
p δ
σ
ν − (ρ↔ σ) (A.5)
(γmn)µν(γmnp)ρσ = −2γmνσ(γpm)µρ + 6(γp)νσδµρ − (ρ↔ σ) (A.6)
γµνmnp(γ
mnp)ρσ = 12[γµσm (γ
m)νρ − γµρm (γm)νσ] (A.7)
γµνmnpγ
mnp
ρσ = 48(δ
µ
ρ δ
ν
σ − δµσδνρ) (A.8)
The Lorentz algebra satisfied by the ghost currents Nmn = 12(λγmnw) is:
[Npq, Nrs] = ηqsNpr − ηqrNps − ηpsNqr + ηprNqs (A.9)
B D = 11 pure spinor identities
We list some pure spinor identities in eleven dimensions:
(Λ¯ΓabΛ¯)(ΓbΛ¯)α = 0 (B.1)
(Λ¯Γ[abΛ¯)(Λ¯Γc]dΛ¯) = 0 (B.2)
(Λ¯Γ[abΛ¯)(Λ¯Γcd]Λ¯) = 0 (B.3)
(Λ¯Γ[abΛ¯)(Λ¯Γcd]R) = 0 (B.4)
(Λ¯ΓijR)(Λ¯Γ
j
k R) = (Λ¯ΓikR)(Λ¯R) +
1
2
(Λ¯ΓikΛ¯)(RR) (B.5)
(Λ¯ΓabR)(Λ¯ΓcdR)f
acgbd = 0 (B.6)
(ΛΓskΛ)(ΛΓ
abcdkΛ) = 0 (B.7)
(ΓiΛ)α(ΛΓ
abcdiΛ) = 6(Γ[abΛ)α(ΛΓ
cd]Λ) (B.8)
(ΓijΛ)α(ΛΓ
abcijΛ) = −18(Γ[aΛ)α(ΛΓbc]Λ) (B.9)
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where fac, gbd are antisymmetric in (a, c), (b, d) respectively. In addition, using (B.4) it
can be shown that
L
(1)
ab,cdf
abc = (Λ¯ΓabΛ¯)(Λ¯ΓcdR)f
abc (B.10)
L
(1)
ab,cdf
abc = −(Λ¯ΓcdΛ¯)(Λ¯ΓabR)fabc (B.11)
L
(2)
ab,cd,eff
abce = (Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯ΓefR)f
abce (B.12)
where fabc, fabce are antisymmetric in all of their indices.
Other useful identities:
L
(1) d
ad,c = (Λ¯ΓacΛ¯)(Λ¯R) (B.13)
L
(2) a
ab,cd,e =
1
3
[2(Λ¯ΓebΛ¯)(Λ¯ΓcdR)(Λ¯R)− (Λ¯ΓcdΛ¯)(Λ¯ΓabR)(Λ¯Γ ae R)] (B.14)
L
(2) c
ab,cd,e =
1
3
[(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯Γ
c
e R)− 2(Λ¯ΓedΛ¯)(Λ¯ΓabR)(Λ¯R)] (B.15)
(Λ¯ΓabΛ¯)Σ¯
b = 0 (B.16)
Some useful commutation relations
[Σ¯i, η] = 0 (B.17)
[Σ¯j , (ΛΓmnΛ)] =
2
η2
(Λ¯Γef Λ¯)(Λ¯ΓghR)[(ΛΓ
efgmjΛ)(ΛΓhnΛ)− (ΛΓefgnjΛ)(ΛΓhmΛ)]
(B.18)
{Σ¯j , (Λ¯ΓmnR)(ΛΓmnΛ)} = 0 (B.19)
[Q, η] = −2(ΛΓmnΛ)(Λ¯ΓmnR) (B.20)
[Q, (Λ¯ΓabΛ¯)] = −2(Λ¯ΓabR) (B.21)
[Q,Nhi] = (ΛΓhiD) (B.22)
[Q,Dβ] = −2(ΓmΛ)βPm (B.23)
[Nhi, η] = −2(Λ¯ΓabΛ¯)[−2ηai(ΛΓbhΛ) + 2ηah(ΛΓbiΛ)]
= 4(Λ¯Γi bΛ¯)(ΛΓ
bhΛ)− 4(Λ¯ΓhbΛ¯)(ΛΓbiΛ) (B.24)
[Nhi, (ΛΓlmnpqΛ)] = −2ηiq(ΛΓchlmnΛ) + 2ηin(ΛΓchlmqΛ)− 2ηim(ΛΓchlnqΛ)
+ 2ηil(ΛΓchmnqΛ) + 2ηhq(ΛΓcilmnΛ)− 2ηhn(ΛΓcilmqΛ)
+ 2ηhm(ΛΓcilnqΛ)− 2ηhl(ΛΓcimnqΛ) + 2ηci(ΛΓhlmnqΛ)
− 2ηch(ΛΓilmnqΛ) (B.25)
[ΛΓaW,ΛΓbW ] = −2Nab (B.26)
[ΛΓaW,ΛΓmnsW ] = −2ΛΓamnsW (B.27)
[ΛΓabcW,ΛΓmnpW ] = 4δbcnpN
am − 4δbcmpNan + 4δbcmnNap − 4δacnpN bm + 4δacmpN bn
− 4δacmnN bp + 4δabnpN cm − 4δabmpN cn + 4δabmnN cp − 2ΛΓabcmnpW
(B.28)
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C Nilpotence of D=10 b-ghost
The nilpotency property satisfied by this object is not obvious to see so that we will
check it in detail. The first step is to show that {Γ¯m, Γ¯n} = 0. This can bee seen from
the equation (2.5) and the use of the U(5) decomposition of the pure spinor variables
[14]. If we choose the only non-zero component of λ¯µ to be λ¯−−−−− 6= 0 then r−++++,
r+−+++, r++−++, r+++−+, r++++− vanish as follows from the constraint λ¯γmr = 0.
This implies that the only components of dµ and Nmn appearing in (2.5) are dν with
ν = {(− + + + +), (+ − + + +), (+ + − + +), (+ + + − +), (+ + + + −)} and Npq
with p, q = {(1 − 2i), (3 − 4i), (5 − 6i), (7 − 8i), (9 − 10i)}. Because all the components
of λ¯µ with two plus signs are zero, the commutator [Nmn, λ¯µλµ] vanishes. Likewise the
commutator [Nmn, Npq] vanishes for (p, q,m, n) taking the values listed above because the
metric components are zero for any combination of these values (see equation (A.9)). Thus
we see that {Γ¯m, Γ¯n} = 0. The nilpotency property of the b-ghost can be seen as follows:
Because the only contribution of λ in (λ¯λ) is λ+++++, the commutator [Γ¯m, (λ¯λ)] = 0.
Furthermore, from the constraint (γmλ¯)µΓ¯m = 0 it is followed that the only non-zero
components of Γ¯m are Γ¯n with n = {(1 + 2i), (3 + 4i), (5 + 6i), (7 + 8i), (9 + 10i)}. This
implies that the term (λγmnr) in (2.5) is non-zero only for the cases m,n = {(1− 2i), (3−
4i), (5 − 6i), (7 − 8i), (9 − 10i)}. Now, because wµ can only appear with two or four plus
signs in Npq and λµ appears in (λγmnr) at least with two plus signs the only relevant
situation is when wµ has two plus signs and λµ has three plus signs, however when this
occurs the only components of rα which contribute are those with one minus sign making the
whole expression vanish. Therefore the commutator [Γ¯m, (λγpqr)]Γ¯pΓ¯q = 0. This implies
immediately that {b, b} = 0.
This result can also be shown from the following covariant computation:
{Γ¯m, Γ¯n} = {1
2
(λ¯γmd)
(λ¯λ)
− 1
8
(λ¯γmrsr)Nrs
(λ¯λ)2
,
1
2
(λ¯γnd)
(λ¯λ)
− 1
8
(λ¯γnpqr)Npq
(λ¯λ)2
}
= − 1
4(λ¯λ)2
(λ¯γmγkγnλ¯)Pk +
1
32(λ¯λ)4
(λ¯γmd)(λ¯γnpqr)(λγpqλ¯)
+
1
32(λ¯λ)4
(λ¯γnd)(λ¯γmrsr)(λγrsλ¯) +
1
16(λ¯λ)4
(λ¯γmrsr)(λ¯γnpsr)Npr
+
1
64(λ¯λ)5
(λ¯γmrsr)(λ¯γnpqr)(λγrsλ¯)Npq − 1
64(λ¯λ)5
(λ¯γmrsr)Nrs(λ¯γ
npqr)(λΓpqλ¯)
where we have used that {dµ, dν} = −γmµνPm, [Npq, λ¯λ] = −12(λγpqλ¯) and the Lorentz
algebra satisfied by Npq given in (A.9). The first term proportional to Pm is zero because
the pure spinor constraint and the bosonic nature of λ¯α. From the identity (A.5) we can
show that (λ¯γnpqr)(λγpqλ¯) = 0. Therefore the terms proportional to this expression vanish.
So we are left with
{Γ¯m, Γ¯n} = 1
16
(λ¯γmrsr)(λ¯γnpsr)Npr (C.1)
The equation (A.2) allows putting this expression into the form
{Γ¯m, Γ¯n} = − 1
3!162
(λ¯γmrsγtuvγnpsλ¯)(rγtuvr)Npr (C.2)
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Now we can use the GAMMA package [21] to do gamma matrix manipulations. The
expansion of this expression, the use of the pure spinor constraint and the bosonic nature
of λ¯µ give us the following result
{Γ¯m, Γ¯n} = − 1
3!162
[ηnp(λ¯γtuvmrλ¯) + ηmp(λ¯γtuvnrλ¯)− ηmn(λ¯γtuvprλ¯)
+6ηtn(λ¯γuvmprλ¯) + 6ηtm(λ¯γuvnprλ¯)](rγtuvr)Npr (C.3)
Using the reasons mentioned above we can write λ¯γtuvmrλ¯ = λ¯γtuγvmrλ¯ = λ¯γtuvγmrλ¯.
Therefore after using the identity (A.7) and the constraint λ¯γmr = 0 we obtain the result
desired
{Γ¯m, Γ¯n} = 0 (C.4)
Using this we can calculate {b, b} directly:
{b, b} = {PmΓ¯m − 1
4
(λγmnr)
(λ¯λ)
Γ¯mΓ¯n, P
pΓ¯p − 1
4
(λγpqr)
(λ¯λ)
Γ¯pΓ¯q}
= 0 (C.5)
where we have used [Γ¯m, λ¯λ] = 1
16(λ¯λ)2
(λ¯γmnpr)(λγnpλ¯) = 0 and {Γ¯m, λγrsr}Γ¯rΓ¯s =
1
8(λ¯λ)
(λ¯γmnpr)(λγnpγ
rsr)Γ¯rΓ¯s =
1
2(λ¯λ)
[−(λ¯γmnsr)(λγ rn r) + (λ¯γmnrr)(λγ sn r)]Γ¯rΓ¯s = 0 be-
cause of the constraint (γmλ¯)µΓ¯m = 0.
D The b-ghost and Σ¯j have the same Dα’s
We should figure out which are the Dα’s appearing in the expressions for Σ¯i and the
b-ghost. For this we will decompose the eleven dimensional Lorentz group in the following
way: SO(10, 1)→ SO(3, 1)× SO(7) and we will break the Lorentz invariance by choosing
a special direction for Λ¯α:
Λ¯ΓaΛ¯ = 0 → We choose the only non-zero component of Λ¯ to be: Λ¯++0 6= 0 (D.1)
Λ¯ΓaR = 0 → R+−0 = R−+0 = R−−j = 0 , where j = 1, . . . , 7 (D.2)
and from the pure spinor constraint ΛΓaΛ = 0 we have:
Λ−+0 = −Λ
−+jΛ−−j
Λ−−0
(D.3)
Λ+−0 = −Λ
+−jΛ−−j
Λ−−0
(D.4)
Λ++j =
1
Λ−−0
[Λ−−jΛ++0 − Λ−+jΛ+−0 + Λ+−jΛ−+0] (D.5)
where j = 1, . . . , 7 and we have assumed that Λ−−0 6= 0. This allows us to expand the
quadratic term in Dα in the b-ghost (I.1) in terms of these components:
b1 ∝ (Λ¯
++0Λ¯++0)(Λ¯++0R−−0)
(Λ¯++0Λ¯++0)2(Λ−−0Λ−−0 + Λ−−kΛ−k)2
{[Λ−−0D+−0 + Λ−−kD+−k + Λ+−0D−−0
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+Λ+−kD−−k]× [Λ−−0D−+0 + Λ−−kD−+k − Λ−+0D−−0 − Λ−+kD−−k]}
+
(Λ¯++0Λ¯++0)(Λ¯++0R−−0)
(Λ¯++0Λ¯++0)2(Λ−−0Λ−−0 + Λ−−kΛ−−k)2
{[Λ−−0D−+0 + Λ−−kD−+k + Λ−+0D−−0
+Λ−+kD−−k]× [Λ−−0D+−0 + Λ−−kD+−k − Λ+−0D−−0 − Λ+−kD−−k]}
+
(Λ¯++0Λ¯++0)(Λ¯++0R+−j)
(Λ¯++0Λ¯++0)2(Λ−−0Λ−−0 + Λ−−kΛ−k)2
{[Λ−−0D−+0 + Λ−−kD−+k
+Λ−+0D−−0 + Λ−+kD−−k]× [Λ−−0D−−j − Λ−−jD−−0]}
− (Λ¯
++0Λ¯++0)(Λ¯++0R−+j)
(Λ¯++0Λ¯++0)2(Λ−−0Λ−−0 + Λ−−kΛ−−k)2
{[Λ−−0D+−0 + Λ−−kD+−k
+Λ+−0D−−0 + Λ+−kD−−k]× [Λ−−0D−−j − Λ−−jD−−0]} (D.6)
Now, we can write Σ¯i0 in the convenient form:
Σ¯i0 =
1
2η
[2(Λ¯ΓaiΛ¯)(ΛΓaD) + (Λ¯ΓabΛ¯)(ΛΓ
abiD)] (D.7)
After using the particular direction chosen above, Σ¯i0 presents the following SO(3, 1)×SO(7)
components:
Σ¯1+2i0 = 0 (D.8)
Σ¯3+4i0 = 0 (D.9)
Σ¯1−2i0 ∝
Λ¯++0Λ¯++0
(Λ¯++0Λ¯++0)(Λ−−0Λ−−0 + Λ−−kΛ−−k)
(Λ−−0D+−0 + Λ−−kD+−k) (D.10)
Σ¯3−4i0 ∝
Λ¯++0Λ¯++0
(Λ¯++0Λ¯++0)(Λ−−0Λ−−0 + Λ−−kΛ−−k)
(Λ−−0D−+0 + Λ−−kD−+k) (D.11)
Σ¯j0 ∝
Λ¯++0Λ¯++0
(Λ¯++0Λ¯++0)(Λ−−0Λ−−0 + Λ−−kΛ−−k)
(Λ−−0D−−j − Λ−−jD−−0) (D.12)
where k, j = 1, . . . , 7. Furthermore, if we multiply Σ¯j0 by
Λ−+j
Λ−−0 we get:
Λ−+j
Λ−−0
Σ¯j0 ∝
Λ¯++0Λ¯++0
(Λ¯++0Λ¯++0)(Λ−−0Λ−−0 + Λ−−kΛ−−k)
(Λ−+jD−−j + Λ−+0D−−0) (D.13)
where we used the pure spinor constraint (D.3). In a similar way we obtain:
Λ+−j
Λ−−0
Σ¯j0 ∝
Λ¯++0Λ¯++0
(Λ¯++0Λ¯++0)(Λ−−0Λ−−0 + Λ−−kΛ−−k)
(Λ+−jD−−j + Λ+−0D−−0) (D.14)
Therefore we see that the expression for b1 contains the same combinations of Dα’s as those
contained in the expression for Σ¯i0 ((D.10), (D.11), (D.12), (D.13), (D.14)).
E Dα in terms of Σ¯
j
0
Let us define the quantity:
Hα = (ΛΓi)αΣ¯
i
0 =
1
2η
(ΓiΛ)α(Λ¯ΓabΛ¯)(ΛΓ
abΓiD) (E.1)
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Now we will assume that there exist a matrix (M−1) βα such that:
Dα = (M
−1) βα Hβ (E.2)
and let us make the following ansatz for (M−1) βα :
(M−1) βα = 2δ
β
α +
2
η
(ΛΓm)α(Λ¯Γ
mnΛ¯)(ΛΓn)
β (E.3)
Next we will check that this proposal for (M−1) βα is right:
Hα =
1
2η
(ΓiΛ)α(Λ¯ΓabΛ¯)(ΛΓ
abΓiM−1H)
=
1
2η
(ΓiΛ)α(Λ¯ΓabΛ¯)[2(ΛΓ
abΓiΓjΛ)Σ¯0 j +
2
η
(ΛΓabΓiΓmΛ)(Λ¯ΓmnΛ¯)(ΛΓ
njΛ)Σ¯0 j ]
=
1
2η
(ΓiΛ)α(Λ¯ΓabΛ¯)[2η
ij(ΛΓabΛ) + 4ηaj(ΛΓbiΛ)− 4ηai(ΛΓbjΛ)]Σ¯0 j
+
1
η2
(ΓiΛ)α(Λ¯ΓabΛ¯)[η
im(ΛΓabΛ) + 2ηam(ΛΓbiΛ)− 2ηai(ΛΓbmΛ)](Λ¯ΓmnΛ¯)(ΛΓnjΛ)Σ¯0 j
= (ΓjΛ)αΣ¯0 j − 2
η
(ΓiΛ)α(Λ¯Γ
i
bΛ¯)(ΛΓ
bjΛ)Σ¯0 j +
1
η2
[η(ΓiΛ)α(Λ¯Γ
i
nΛ¯)(ΛΓ
njΛ)Σ¯0 j
−2(ΓiΛ)α(Λ¯ΓibΛ¯)(ΛΓbmΛ)(Λ¯ΓmnΛ¯)(ΛΓnjΛ)Σ¯0 j ]
= (ΓjΛ)αΣ¯0 j − 2
η
(ΓiΛ)α(Λ¯Γ
i
bΛ¯)(ΛΓ
bjΛ)Σ¯0 j +
1
η2
[η(ΓiΛ)α(Λ¯Γ
i
nΛ¯)(ΛΓ
njΛ)Σ¯0 j
+η(ΓiΛ)α(Λ¯Γ
i
nΛ¯)(ΛΓ
njΛ)Σ¯0 j ]
= (ΓjΛ)αΣ¯0 j
where the identity (B.3) was used in the penultimate line. Therefore we have the relation:
Dα = 2(ΛΓ
c)αΣ¯0 c +
2
η
(ΛΓm)α(Λ¯ΓmnΛ¯)(ΛΓ
njΛ)Σ¯0 j (E.4)
It can be shown that Σ¯0 i can be written in terms of Hα:
Hα = (ΛΓ
c)αΣ¯0 c
(ΛΓijkH) = (ΛΓcΓijkΛ)Σ¯0 c
(Λ¯ΓijΛ¯)(ΛΓ
ijkH) = (Λ¯ΓijΛ¯)[η
ci(ΛΓjkΛ)− ηcj(ΛΓikΛ) + ηck(ΛΓijΛ)]Σ¯0 c
Therefore by using the constraint (Λ¯ΓabΛ¯)Σ¯b0 = 0, we find
Σ¯k0 =
1
η
(Λ¯ΓijΛ¯)(ΛΓ
ijkH) (E.5)
F The Dα’s in {Q, Σ¯i} are gauge invariant
We will show that the Dα’s appearing in (3.10) are invariant under the gauge transfor-
mations (3.11). Therefore they are the same Dα’s as those contained in the definition of Σ¯i.
In this Appendix and the next ones we have made use of the GAMMA package [21] because
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of the heavy manipulation of gamma matrix identities which computations demanded. Let
us call Ii to the terms containing Dα’s explicitly in (3.10). The identities (B.8), (B.9) allow
us simplify this object:
Ii = −1
η
(Λ¯ΓabR)(ΛΓ
abiD)− 2
η
(Λ¯ΓaiR)(ΛΓaD)− 2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
abckiΛ)(ΛΓdkD)
− 2
3η2
(Λ¯ΓabΛ¯)(Λ¯Γ
i
c R)
(−18)
6
[4(ΛΓaD)(ΛΓbcΛ) + 2(ΛΓcD)(ΛΓabΛ)]
− 2
3η2
(Λ¯ΓabΛ¯)(Λ¯R)
(−18)
6
[4(ΛΓaD)(ΛΓbiΛ) + 2(ΛΓiD)(ΛΓabΛ)]
= −1
η
(Λ¯ΓabR)(ΛΓ
abiD)− 2
η
(Λ¯ΓaiR)(ΛΓaD)− 2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
abcikΛ)(ΛΓ dk D)
+
8
η2
(Λ¯ΓabΛ¯)(Λ¯Γ
i
c R)(ΛΓ
bcΛ)(ΛΓaD) +
4
η
(Λ¯ΓciR)(ΛΓcD)
+
8
η2
(Λ¯ΓabΛ¯)(Λ¯R)(ΛΓ
biΛ)(ΛΓaD) +
4
η
(Λ¯R)(ΛΓiD) (F.1)
The third term of this expression requires more careful manipulations, so we will do them
in detail
I∗ i = − 2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
abcikΛ)(ΛΓ dk D)
= − 2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)[(ΛΓ
abΓdD)(ΛΓciΛ)− (ΛΓacΓdD)(ΛΓbiΛ) + (ΛΓaiΓdD)(ΛΓbcΛ)
+ (ΛΓciΓdD)(ΛΓabΛ)− (ΛΓbiΓdD)(ΛΓacΛ) + (ΛΓbcΓdD)(ΛΓaiΛ)]
= − 2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)[η
bd(ΛΓaD)(ΛΓciΛ)− ηad(ΛΓbD)(ΛΓciΛ) + (ΛΓabdD)(ΛΓciΛ)
− ηcd(ΛΓaD)(ΛΓbiΛ) + ηad(ΛΓcD)(ΛΓbiΛ)− (ΛΓacdD)(ΛΓbiΛ)
+ ηid(ΛΓaD)(ΛΓbcΛ)− ηad(ΛΓiD)(ΛΓbcΛ) + (ΛΓaidD)(ΛΓbcΛ)
+ ηid(ΛΓcD)(ΛΓabΛ)− ηcd(ΛΓiD)(ΛΓabΛ) + (ΛΓcidD)(ΛΓabΛ)
− ηid(ΛΓbD)(ΛΓacΛ) + ηbd(ΛΓiD)(ΛΓacΛ)− (ΛΓbidD)(ΛΓacΛ)
+ ηcd(ΛΓbD)(ΛΓaiΛ)− ηbd(ΛΓcD)(ΛΓaiΛ) + (ΛΓbcdD)(ΛΓaiΛ)]
= − 2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)[2η
bd(ΛΓaD)(ΛΓciΛ) + (ΛΓabdD)(ΛΓciΛ) + 2ηad(ΛΓcD)(ΛΓbiΛ)
− 2(ΛΓacdD)(ΛΓbiΛ) + 2ηid(ΛΓaD)(ΛΓbcΛ)− 2ηad(ΛΓiD)(ΛΓbcΛ) + 2(ΛΓaidD)(ΛΓbcΛ)
+ ηid(ΛΓcD)(ΛΓabΛ) + (ΛΓcidD)(ΛΓabΛ)]
= − 4
η2
(Λ¯ΓacΛ¯)(Λ¯R)(ΛΓ
ciΛ)(ΛΓaD)− 2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
ciΛ)(ΛΓabdD)
+
4
η2
(Λ¯ΓbcΛ¯)(Λ¯R)(ΛΓ
biΛ)(ΛΓcD) +
4
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
biΛ)(ΛΓacdD)
− 4
η2
(Λ¯ΓabΛ¯)(Λ¯Γ
i
c R)(ΛΓ
bcΛ)(ΛΓaD)− 4
η
(Λ¯R)(ΛΓiD)− 4
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
bcΛ)(ΛΓaidD)
− 2
η
(Λ¯ΓciR)(ΛΓcD)− 2
η
(Λ¯ΓcdR)(ΛΓ
cidD) (F.2)
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Furthermore, if we use (B.4) this result can be cast as
I∗ i = − 8
η2
(Λ¯ΓacΛ¯)(Λ¯R)(ΛΓ
ciΛ)(ΛΓaD)− 2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
ciΛ)(ΛΓabdD)
+
4
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
biΛ)(ΛΓacdD)− 4
η2
(Λ¯ΓabΛ¯)(Λ¯Γ
i
c R)(ΛΓ
bcΛ)(ΛΓaD)
− 4
η
(Λ¯R)(ΛΓiD) +
1
η
(Λ¯ΓadR)(ΛΓ
aidD) +
1
η2
(Λ¯ΓadΛ¯)(Λ¯ΓbcR)(ΛΓ
bcΛ)(ΛΓaidΛ)
− 2
η
(Λ¯ΓciR)(ΛΓcD)− 2
η
(Λ¯ΓcdR)(ΛΓ
cidD) (F.3)
Plugging this result into (F.1), we find
Ii =
4
η2
(Λ¯ΓabΛ¯)(Λ¯Γ
i
c R)(ΛΓ
bcΛ)(ΛΓaD) +
2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
ciΛ)(ΛΓabdD)
+
1
η2
(Λ¯ΓadΛ¯)(Λ¯ΓbcR)(ΛΓ
bcΛ)(ΛΓaidD) (F.4)
After applying the transformation (3.11) and using the identities (B.2), (B.3), (B.4) one
can show that this expression is invariant as mentioned above.
Therefore we can replace the inverse relation (E.4) in (3.10). Let us do this for each
term in (F.4):
Ii1 =
8
η2
(Λ¯ΓabΛ¯)(Λ¯Γ
i
c R)(ΛΓ
bcΛ)[(ΛΓamΛ)Σ¯0m +
1
η
(ΛΓamΛ)(Λ¯ΓmnΛ¯)(ΛΓ
nkΛ)Σ¯0 k]
=
8
η2
(Λ¯ΓabΛ¯)(Λ¯Γ
i
c R)(ΛΓ
bcΛ)[(ΛΓamΛ)Σ¯0m − 1
2
(ΛΓakΛ)Σ¯0 k]
=
4
η2
(Λ¯ΓabΛ¯)(Λ¯Γ
i
c R)(ΛΓ
bcΛ)(ΛΓamΛ)Σ¯0m
= −2
η
(Λ¯ΓciR)(ΛΓckΛ)Σ¯
k
0 (F.5)
Ii2 =
4
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
ciΛ)[(ΛΓabdΓmΛ)Σ¯0m +
1
η
(ΛΓabdΓmΛ)(Λ¯ΓmnΛ¯)(ΛΓ
nkΛ)Σ¯0 k]
=
4
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
ciΛ)[(ΛΓabΛ)Σ¯d0 +
1
η
(ΛΓabΛ)(Λ¯ΓdnΛ¯)(ΛΓnkΛ)Σ¯
k
0]
=
4
η
(Λ¯ΓcdR)(ΛΓ
ciΛ)Σ¯d0 +
4
η2
(Λ¯ΓcdR)(ΛΓ
ciΛ)(Λ¯ΓdnΛ¯)(ΛΓnkΛ)Σ¯
k
0
=
4
η
(Λ¯ΓcdR)(ΛΓ
ciΛ)Σ¯d0 +
2
η
(Λ¯R)(ΛΓikΛ)Σ¯0 k (F.6)
Ii3 = −
1
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
cdΛ)(ΛΓabiD)
= − 2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
cdΛ)[(ΛΓabiΓmΛ)Σ¯0m +
1
η
(ΛΓabiΓmΛ)(Λ¯ΓmnΛ¯)(ΛΓnkΛ)Σ¯
k
0]
= −2
η
(Λ¯ΓcdR)(ΛΓcdΛ)Σ¯
i
0 −
2
η2
(Λ¯ΓcdR)(ΛΓ
cdΛ)(Λ¯ΓinΛ¯)(ΛΓnkΛ)Σ¯0 k (F.7)
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Replacing these expressions in (F.4) and putting all together in (3.10) we obtain
{Q, Σ¯i} = −P i − 2
η
[(Λ¯ΓmbΛ¯)(ΛΓ ib Λ)− (Λ¯ΓibΛ¯)(ΛΓ mb Λ)]Pm +
4
η
(Λ¯ΓmnR)(ΛΓ
mnΛ)Σ¯i
− 2
η
(Λ¯ΓmnR)(ΛΓ
mnΛ)Σ¯i0 −
2
η
(Λ¯ΓciR)(ΛΓckΛ)Σ¯
k
0 +
4
η
(Λ¯ΓcdR)(ΛΓ
ciΛ)Σ¯d0
+
2
η
(Λ¯R)(ΛΓikΛ)Σ¯0 k − 2
η
(Λ¯ΓcdR)(ΛΓcdΛ)Σ¯
i
0 −
2
η2
(Λ¯ΓcdR)(ΛΓ
cdΛ)(Λ¯ΓinΛ¯)(ΛΓnkΛ)Σ¯0 k
− 4
η2
(Λ¯ΓabR)(Λ¯ΓcdR)(ΛΓ
abckiΛ)Ndk −
4
3η2
(Λ¯ΓabR)(Λ¯Γ
i
c R)(ΛΓ
abcdkΛ)Ndk
− 4
3η2
(Λ¯ΓabR)(Λ¯R)(ΛΓ
iabdkΛ)Ndk − 2
3η2
(Λ¯ΓabΛ¯)(RR)(ΛΓ
iabdkΛ)Ndk (F.8)
G Cancellation of all of the Nab contributions in the equation (3.12)
We will show this cancellation in two steps. First we will simplify the expression
depending explicitly on Σ¯i0 and then simplify the expression depending explicitly on Nab.
Finally we will see that these two expressions identically cancel out. We start with the
following equation
J i =
4
η
(Λ¯ΓmnR)(ΛΓmnΛ)(Σ¯
i − Σ¯i0)−
2
η
(Λ¯ΓciR)(ΛΓckΛ)Σ¯
k
0 +
4
η
(Λ¯ΓcdR)(ΛΓ
ciΛ)Σ¯d0
+
2
η
(Λ¯R)(ΛΓikΛ)Σ¯0 k − 2
η2
(Λ¯ΓcdR)(ΛΓcdΛ)(Λ¯Γ
inΛ¯)(ΛΓnkΛ)Σ¯
k
0 (G.1)
Now let us focus on the contributions proportional to Λ¯R:
J i1 =
2
η
(Λ¯R)(ΛΓikΛ)[− 2
3η2
(Λ¯ΓabΛ¯)(Λ¯ΓckR)(ΛΓ
abcqjΛ)Nqj ]
+
4
η
(Λ¯ΓmnR)(ΛΓmnΛ)[
2
3η2
(Λ¯ΓabΛ¯)(Λ¯R)(ΛΓ
abiqjΛ)Nqj ]
+
4
η
(Λ¯ΓcdR)(ΛΓ
ciΛ)[− 4
3η2
(Λ¯ΓabΛ¯)(Λ¯R)(ΛΓ
abdqjΛ)Nqj ]
= − 4
3η3
(ΛΓikΛ)(Λ¯R)(Λ¯ΓabΛ¯)(Λ¯ΓckR)(ΛΓ
abcqjΛ)Nqj
+
8
3η3
(Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯ΓabΛ¯)(Λ¯R)(ΛΓ
abiqjΛ)Nqj
− 16
3η3
(Λ¯ΓcdR)(ΛΓ
ciΛ)(Λ¯ΓabΛ¯)(Λ¯R)(ΛΓ
abdqjΛ)Nqj (G.2)
The last term can be written as
− 16
3η3
(Λ¯ΓcdR)(ΛΓ
ciΛ)(Λ¯ΓabΛ¯)(Λ¯R)(ΛΓ
abdqjΛ)Nqj = − 16
3η3
(Λ¯ΓkcR)(ΛΓ
kiΛ)(Λ¯ΓabΛ¯)(Λ¯R)(ΛΓ
abcqjΛ)Nqj
(G.3)
Therefore,
J i1 =
12
3η3
(ΛΓikΛ)(Λ¯R)(Λ¯ΓabΛ¯)(Λ¯ΓckR)(ΛΓ
abcqjΛ)Nqj
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+
8
3η3
(Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯ΓabΛ¯)(Λ¯R)(ΛΓ
abiqjΛ)Nqj
=
12
3η3
(ΛΓikΛ)(Λ¯R)(Λ¯ΓabΛ¯)(Λ¯ΓckR)(
−18
6
)[4(ΛΓbcΛ)(ΛΓaW ) + 2(ΛΓabΛ)(ΛΓcW )]
+
8
3η3
(Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯ΓabΛ¯)(Λ¯R)(
−18
6
)[4(ΛΓbiΛ)(ΛΓaW ) + 2(ΛΓabΛ)(ΛΓiW )]
= −48
η3
(ΛΓikΛ)(Λ¯R)(Λ¯ΓabΛ¯)(Λ¯ΓckR)(ΛΓ
bcΛ)(ΛΓaW )
−24
η2
(ΛΓikΛ)(Λ¯R)(Λ¯ΓckR)(ΛΓ
cW )
−32
η3
(Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯ΓabΛ¯)(Λ¯R)(ΛΓ
biΛ)(ΛΓaW )
−16
η2
(Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯R)(ΛΓ
iW )
= −24
η3
(ΛΓbiΛ)(Λ¯R)(Λ¯ΓabΛ¯)(Λ¯ΓckR)(ΛΓ
ckΛ)(ΛΓaW )
−24
η2
(ΛΓikΛ)(Λ¯R)(Λ¯ΓckR)(ΛΓ
cW )
−32
η3
(Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯ΓabΛ¯)(Λ¯R)(ΛΓ
biΛ)(ΛΓaW )
−16
η2
(Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯R)(ΛΓ
iW ) (G.4)
As a result, we get
J i1 =
8
η3
(ΛΓbiΛ)(Λ¯R)(Λ¯ΓabΛ¯)(Λ¯ΓckR)(ΛΓ
ckΛ)(ΛΓaW )
−24
η2
(ΛΓikΛ)(Λ¯R)(Λ¯ΓckR)(ΛΓ
cW )
−16
η2
(Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯R)(ΛΓ
iW ) (G.5)
Now let us focus on the term proportional to (Λ¯ΓciR):
J i2 =
4
η
(Λ¯ΓmnR)(ΛΓmnΛ)[
2
3η2
(Λ¯ΓabΛ¯)(Λ¯Γ
i
c R)(ΛΓ
abcqjΛ)Nqj ]
−2
η
(Λ¯ΓciR)(ΛΓckΛ)[− 2
3η2
(Λ¯ΓabΛ¯)(Λ¯Γ
k
f R)(ΛΓ
abfqjΛ)Nqj ]
− 2
η2
(Λ¯ΓcdR)(ΛΓcdΛ)(Λ¯Γ
inΛ¯)(ΛΓnkΛ)[− 2
3η2
(Λ¯ΓabΛ¯)(Λ¯Γ
k
f R)(ΛΓ
abfqjΛ)Nqj ]
=
8
3η3
(Λ¯ΓmnR)(ΛΓmnΛ)Λ¯ΓabΛ¯)(Λ¯Γ
i
c R)(ΛΓ
abcqjΛ)Nqj
+
4
3η3
(Λ¯ΓciR)(ΛΓckΛ)(Λ¯ΓabΛ¯)(Λ¯Γ
k
f R)(ΛΓ
abfqjΛ)Nqj
+
4
3η4
(Λ¯ΓcdR)(ΛΓcdΛ)(Λ¯Γ
inΛ¯)(ΛΓnkΛ)(Λ¯ΓabΛ¯)(Λ¯Γ
k
f R)(ΛΓ
abfqjΛ)Nqj
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=
8
3η3
(Λ¯ΓmnR)(ΛΓmnΛ)Λ¯ΓabΛ¯)(Λ¯Γ
i
c R)(ΛΓ
abcqjΛ)Nqj
+
4
3η3
(Λ¯ΓciR)(ΛΓckΛ)(Λ¯ΓabΛ¯)(Λ¯Γ
k
f R)(ΛΓ
abfqjΛ)Nqj
+
2
3η4
(Λ¯ΓcdR)(ΛΓcdΛ)(Λ¯ΓabΛ¯)(Λ¯Γ
i
fR)(ΛΓ
abfqjΛ)Nqj
=
6
3η3
(Λ¯ΓmnR)(ΛΓmnΛ)Λ¯ΓabΛ¯)(Λ¯Γ
i
c R)(ΛΓ
abcqjΛ)Nqj
+
4
3η3
(Λ¯ΓciR)(ΛΓckΛ)(Λ¯ΓabΛ¯)(Λ¯Γ
k
f R)(ΛΓ
abfqjΛ)Nqj (G.6)
Now we use the identity (B.9):
J i2 =
6
3η3
(Λ¯ΓmnR)(ΛΓmnΛ)Λ¯ΓabΛ¯)(Λ¯Γ
i
c R)(−
18
6
)[4(ΛΓbcΛ)(ΛΓaW ) + 2(ΛΓabΛ)(ΛΓcW )]
+
4
3η3
(Λ¯ΓciR)(ΛΓckΛ)(Λ¯ΓabΛ¯)(Λ¯Γ
k
f R)(−
18
6
)[4(ΛΓbfΛ)(ΛΓaW ) + 2(ΛΓabΛ)(ΛΓfW )]
= −24
η3
(Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯ΓabΛ¯)(Λ¯Γ
i
c R)(ΛΓ
bcΛ)(ΛΓaW )− 12
η2
(Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯Γ
i
c R)(ΛΓ
cW )
−16
η3
(Λ¯ΓciR)(ΛΓckΛ)(Λ¯ΓabΛ¯)(Λ¯Γ
k
f R)(ΛΓ
bfΛ)(ΛΓaW )− 8
η2
(Λ¯ΓciR)(ΛΓckΛ)(Λ¯Γ
k
f R)(ΛΓ
fW )
= −24
η3
(Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯ΓabΛ¯)(Λ¯Γ
i
c R)(ΛΓ
bcΛ)(ΛΓaW )− 12
η2
(Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯Γ
i
c R)(ΛΓ
cW )
− 8
η3
(Λ¯ΓciR)(ΛΓb cΛ)(Λ¯ΓabΛ¯)(Λ¯ΓfkR)(ΛΓ
fkΛ)(ΛΓaW )− 8
η2
(Λ¯ΓciR)(ΛΓckΛ)(Λ¯Γ
k
f R)(ΛΓ
fW )
Therefore,
J i2 = −
16
η3
(Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯ΓabΛ¯)(Λ¯Γ
i
c R)(ΛΓ
bcΛ)(ΛΓaW )− 12
η2
(Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯Γ
i
c R)(ΛΓ
cW )
− 8
η2
(Λ¯ΓciR)(ΛΓckΛ)(Λ¯Γ
k
f R)(ΛΓ
fW ) (G.7)
Now let us simplify the remaining terms in (G.1):
J i3 =
4
η
(Λ¯ΓmnR)(ΛΓmnΛ)[
2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
abckiΛ)Ndk]
+
4
η
(Λ¯ΓcdR)(ΛΓ
ciΛ)[− 2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓefR)(ΛΓ
abekdΛ)Nfk]
=
8
η3
(Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
abckiΛ)Ndk
− 8
η3
(Λ¯ΓcdR)(ΛΓ
ciΛ)(Λ¯ΓabΛ¯)(Λ¯ΓefR)(ΛΓ
abekdΛ)Nfk (G.8)
Now we apply the identity (B.8) to each term:
J
i (1)
3 =
8
η3
(Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(
6
24
)[4(ΛΓciΛ)(ΛΓabΓdW )− 4(ΛΓcaΛ)(ΛΓibΓdW )
+4(ΛΓcbΛ)(ΛΓiaΓdW ) + 4(ΛΓabΛ)(ΛΓciΓdW )− 4(ΛΓibΛ)(ΛΓcaΓdW ) + 4(ΛΓiaΛ)(ΛΓcbΓdW )]
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=
8
η3
(Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯ΓabΛ¯)(Λ¯ΓcdR)[2η
bd(ΛΓciΛ)(ΛΓaW ) + (ΛΓciΛ)(ΛΓabdW )
+2ηdi(ΛΓcaΛ)(ΛΓbW )− 2ηbd(ΛΓcaΛ)(ΛΓiW )− 2(ΛΓcaΛ)(ΛΓbdiW ) + ηdi(ΛΓabΛ)(ΛΓcW )
−ηcd(ΛΓabΛ)(ΛΓiW )− (ΛΓabΛ)(ΛΓcdiW ) + 2ηcd(ΛΓibΛ)(ΛΓaW )− 2ηad(ΛΓibΛ)(ΛΓcW )
+2(ΛΓibΛ)(ΛΓacdW )]
=
16
η3
(Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯ΓacΛ¯)(Λ¯R)(ΛΓ
ciΛ)(ΛΓaW )
+
8
η3
(Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
ciΛ)(ΛΓabdW )
+
16
η3
(Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯ΓabΛ¯)(Λ¯Γ
i
c R)(ΛΓ
caΛ)(ΛΓbW )
+
16
η2
(Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯R)(ΛΓ
iW )
−16
η3
(Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
caΛ)(ΛΓbdiW )
+
8
η2
(Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯Γ
i
c R)(ΛΓ
cW )
− 8
η2
(Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯ΓcdR)(ΛΓ
cdiW )
−16
η2
(Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯ΓbcΛ¯)(Λ¯R)(ΛΓ
biΛ)(ΛΓcW )
+
16
η3
(Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
ibΛ)(ΛΓacdW ) (G.9)
J
i (2)
3 = −
8
η3
(Λ¯ΓcdR)(ΛΓ
ciΛ)(Λ¯ΓabΛ¯)(Λ¯ΓefR)(
6
24
)[4(ΛΓedΛ)(ΛΓabΓfW )− 4(ΛΓeaΛ)(ΛΓdbΓfW )
+4(ΛΓebΛ)(ΛΓdaΓfW ) + 4(ΛΓabΛ)(ΛΓedΓfW )− 4(ΛΓdbΛ)(ΛΓeaΓfW ) + 4(ΛΓdaΛ)(ΛΓebΓfW )]
= − 8
η3
(Λ¯ΓcdR)(ΛΓ
ciΛ)(Λ¯ΓabΛ¯)(Λ¯ΓefR)[2η
bf (ΛΓedΛ)(ΛΓaW ) + (ΛΓedΛ)(ΛΓabfW )
+2ηfd(ΛΓeaΛ)(ΛΓbW )− 2ηbf (ΛΓeaΛ)(ΛΓdW )− 2(ΛΓeaΛ)(ΛΓbfdW ) + ηfd(ΛΓabΛ)(ΛΓeW )
−ηef (ΛΓabΛ)(ΛΓdW )− (ΛΓabΛ)(ΛΓefdW ) + 2ηef (ΛΓdbΛ)(ΛΓaW )− 2ηaf (ΛΓdbΛ)(ΛΓeW )
+2(ΛΓdbΛ)(ΛΓaefW )]
= − 8
η3
(Λ¯ΓcdR)(ΛΓ
cdΛ)(Λ¯ΓaeΛ¯)(Λ¯R)(ΛΓ
eiΛ)(ΛΓaW )
− 4
η3
(Λ¯ΓcdR)(ΛΓ
cdΛ)(Λ¯ΓabΛ¯)(Λ¯ΓefR)(ΛΓ
eiΛ)(ΛΓabfW )
− 8
η3
(Λ¯ΓceR)(ΛΓ
ceΛ)(Λ¯ΓabΛ¯)(Λ¯R)(ΛΓ
iaΛ)(ΛΓbW )− 4
η2
(Λ¯ΓabΛ¯)(RR)(ΛΓ
iaΛ)(ΛΓbW )
+
16
η3
(Λ¯ΓcdR)(ΛΓ
ciΛ)(Λ¯ΓabΛ¯)(Λ¯ΓefR)(ΛΓ
eaΛ)(ΛΓbfdW )
−16
η2
(Λ¯ΓcdR)(ΛΓ
ciΛ)(Λ¯R)(ΛΓdW )
− 8
η2
(Λ¯ΓceR)(ΛΓ
ciΛ)(Λ¯R)(ΛΓeW )− 4
η2
(Λ¯ΓceΛ¯)(ΛΓ
ciΛ)(RR)(ΛΓeW )
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+
8
η2
(Λ¯ΓcdR)(ΛΓ
ciΛ)(Λ¯ΓefR)(ΛΓ
efdW )
+
8
η3
(Λ¯ΓcdR)(ΛΓ
cdΛ)(Λ¯ΓebΛ¯)(Λ¯R)(ΛΓ
ibΛ)(ΛΓeW )
− 8
η3
(Λ¯ΓcdR)(ΛΓ
cdΛ)(Λ¯ΓabΛ¯)(Λ¯ΓefR)(ΛΓ
ibΛ)(ΛΓaefW ) (G.10)
Therefore J i3 takes the form
J i3 =
8
η3
(ΛΓmnR)(ΛΓmnΛ)(Λ¯ΓacΛ¯)(Λ¯R)(ΛΓ
ciΛ)(ΛΓaW )
− 4
η3
(Λ¯ΓmnR)(ΛΓ
mnΛ)(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
ciΛ)(ΛΓabdW )
+
16
η3
(Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯ΓabΛ¯)(Λ¯Γ
i
c R)(ΛΓ
caΛ)(ΛΓbW )
+
16
η2
(Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯R)(ΛΓ
iW )
−16
η3
(Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
caΛ)(ΛΓbdiW )
+
8
η2
(Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯Γ
i
c R)(ΛΓ
cW )
− 8
η2
(Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯ΓcdR)(ΛΓ
cdiW )
−24
η2
(Λ¯ΓcdR)(ΛΓ
ciΛ)(Λ¯R)(ΛΓdW )
+
16
η3
(Λ¯ΓcdR)(ΛΓ
ciΛ)(Λ¯ΓabΛ¯)(Λ¯ΓefR)(ΛΓ
eaΛ)(ΛΓbfdW )
+
8
η2
(Λ¯ΓcdR)(ΛΓ
ciΛ)(Λ¯ΓefR)(ΛΓ
efdW ) (G.11)
And we also have
J i1 + J
i
2 = −
16
η3
(Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯ΓabΛ¯)(Λ¯Γ
i
c R)(ΛΓ
bcΛ)(ΛΓaW )
−12
η2
(Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯Γ
i
c R)(ΛΓ
cW )
− 8
η2
)(Λ¯Γ ic R)(ΛΓ
ckΛ)(Λ¯ΓfkR)(ΛΓ
fW )
− 8
η3
(Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯R)(Λ¯ΓabΛ¯)(ΛΓ
biΛ)(ΛΓaW )
+
24
η2
(Λ¯ΓcdR)(Λ¯R)(ΛΓ
i
c Λ)(ΛΓ
cW )
−16
η2
(Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯R)(ΛΓ
iW ) (G.12)
The sum of these quantities gives us the following result
J i = − 4
η3
(Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
ciΛ)(ΛΓabdW )
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+
4
η2
(Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯ΓbdR)(ΛΓ
bdiW )
− 4
η2
(Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯Γ
i
c R)(ΛΓ
cW )
− 8
η2
(Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯ΓcdR)(ΛΓ
cdiW )
+
16
η3
(Λ¯ΓcdR)(ΛΓ
ciΛ)(Λ¯ΓabΛ¯)(Λ¯ΓefR)(ΛΓ
eaΛ)(ΛΓbfdW )
+
8
η2
(Λ¯ΓcdR)(ΛΓ
ciΛ)(Λ¯ΓefR)(ΛΓ
efdW )
− 8
η2
(Λ¯Γ ic R)(ΛΓ
ckΛ)(Λ¯ΓfkR)(ΛΓ
fW ) (G.13)
where we have used that (Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯ΓabR)(ΛΓabΛ) = 0. After using the identity
(B.4) this expression simplifies to
J i = − 4
η2
(Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯ΓbdR)(ΛΓ
bdiW ) +
4
η2
(Λ¯ΓcdR)(ΛΓ
ciΛ)(Λ¯ΓefR)(ΛΓ
efdW )
− 4
η2
(Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯Γ
i
c R)(ΛΓ
cW )− 8
η2
(Λ¯Γ ic R)(ΛΓ
ckΛ)(Λ¯ΓfkR)(ΛΓ
fW )
(G.14)
Now we will simplify the expressions containing Nmn explicitly:
Si = − 4
η2
(Λ¯ΓabR)(Λ¯ΓcdR)(ΛΓ
abckiΛ)Ndk −
4
3η2
(Λ¯ΓabR)(Λ¯Γ
i
c R)(ΛΓ
abcdkΛ)Ndk
− 4
3η2
(Λ¯ΓabR)(Λ¯R)(ΛΓ
iabdkΛ)Ndk − 2
3η2
(Λ¯ΓabΛ¯)(RR)(ΛΓ
iabdkΛ)Ndk (G.15)
For convenience let us focus first on the last three terms:
Si2 = −
4
3η2
(Λ¯ΓabR)(Λ¯Γ
i
c R)(−
18
6
)[4(ΛΓbcΛ)(ΛΓaW ) + 2(ΛΓabΛ)(ΛΓcW )]
− 4
3η2
(Λ¯ΓabR)(Λ¯R)(−18
6
)[2(ΛΓabΛ)(ΛΓiW ) + 4(ΛΓbiΛ)(ΛΓaW )]
− 2
3η2
(Λ¯ΓabΛ¯)(RR)(−18
6
)[2(ΛΓabΛ)(ΛΓiW ) + 4(ΛΓbiΛ)(ΛΓaW )]
=
16
η2
(Λ¯ΓabR)(Λ¯Γ
i
c R)(ΛΓ
bcΛ)(ΛΓaW ) +
8
η2
(Λ¯ΓabR)(ΛΓ
abΛ)(Λ¯Γ ic R)(ΛΓ
cW )
+
8
η2
(Λ¯ΓabR)(ΛΓ
abΛ)(Λ¯R)(ΛΓiW ) +
16
η2
(Λ¯ΓabR)(Λ¯R)(ΛΓ
biΛ)(ΛΓaW )
+
4
η
(RR)(ΛΓiW ) +
8
η2
(Λ¯ΓabΛ¯)(RR)(ΛΓ
biΛ)(ΛΓaW ) (G.16)
The same manipulations for the first term of Si give us
Si1 = −
4
η2
(Λ¯ΓabR)(Λ¯ΓcdR)(
6
24
)[4(ΛΓciΛ)(ΛΓabΓdW )− 4(ΛΓcaΛ)(ΛΓibΓdW )
+4(ΛΓcbΛ)(ΛΓiaΓdW ) + 4(ΛΓabΛ)(ΛΓciΓdW )− 4(ΛΓibΛ)(ΛΓcaΓdW ) + 4(ΛΓiaΛ)(ΛΓcbΓdW )]
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= − 4
η2
(Λ¯ΓabR)(Λ¯ΓcdR)[(ΛΓ
ciΛ)(ΛΓabΓdW )− 2(ΛΓcaΛ)(ΛΓibΓdW ) + (ΛΓabΛ)(ΛΓciΓdW )
+2(ΛΓiaΛ)(ΛΓcbΓdW )]
= − 4
η2
(Λ¯ΓabR)(Λ¯ΓcdR)[2η
bd(ΛΓciΛ)(ΛΓaW ) + (ΛΓciΛ)(ΛΓabdW ) + 2ηdi(ΛΓcaΛ)(ΛΓbW )
−2ηbd(ΛΓcaΛ)(ΛΓiW )− 2(ΛΓcaΛ)(ΛΓbdiW ) + ηdi(ΛΓabΛ)(ΛΓcW )− ηcd(ΛΓabΛ)(ΛΓiW )
−(ΛΓabΛ)(ΛΓcdiW )− ηcd(ΛΓiaΛ)(ΛΓbW ) + 2ηbd(ΛΓiaΛ)(ΛΓcW )− 2(ΛΓiaΛ)(ΛΓbcdW )]
(G.17)
Therefore we get
Si1 = −
8
η2
(Λ¯ΓacR)(Λ¯R)(ΛΓ
ciΛ)(ΛΓaW )− 4
η2
(Λ¯ΓacΛ¯)(RR)(ΛΓ
ciΛ)(ΛΓaW )
− 4
η2
(Λ¯ΓabR)(Λ¯ΓcdR)(ΛΓ
ciΛ)(ΛΓabdW )− 8
η2
(Λ¯ΓabΛ¯)(Λ¯Γ
i
c R)(ΛΓ
caΛ)(ΛΓbW )(G.18)
+
8
η2
(Λ¯ΓcaR)(Λ¯R)(ΛΓ
caΛ)(ΛΓiW )− 4
η
(RR)(ΛΓiW )
− 4
η2
(Λ¯ΓabR)(ΛΓabΛ)(Λ¯Γ
i
c R)(ΛΓ
cW ) +
4
η2
(Λ¯ΓabR)(ΛΓabΛ)(Λ¯ΓcdR)(ΛΓ
cdiW )
− 8
η2
(Λ¯ΓacR)(Λ¯R)(ΛΓ
iaΛ)(ΛΓcW )− 4
η2
(Λ¯ΓacΛ¯)(RR)(ΛΓ
iaΛ)(ΛΓcW )
+
8
η2
(Λ¯ΓabR)(Λ¯ΓcdR)(ΛΓ
iaΛ)(ΛΓbcdW ) (G.19)
When summing S11 + Si2 we obtain
Si =
4
η2
(Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯ΓbdR)(ΛΓ
bdiW ) +
4
η2
(Λ¯ΓcdR)(ΛΓ
ciΛ)(Λ¯ΓefR)(ΛΓ
efdW )
+
4
η2
(Λ¯ΓmnR)(ΛΓmnΛ)(Λ¯Γ
i
c R)(ΛΓ
cW ) +
8
η2
(Λ¯Γ ic R)(ΛΓ
ckΛ)(Λ¯ΓfkR)(ΛΓ
fW )
(G.20)
Thus we have a full cancellation J i + Si = 0.
H Calculation of {Σ¯i, Σ¯j}
The object Σ¯i has a part depending on Dα and other part depending on Nmn, as it
can be seen in (3.9). The part depending on Nmn will be called Σ¯i1 and as before we use
Σ¯i0 to denote the part depending on Dα. Therefore
Σ¯i = Σ¯i0 + Σ¯
i
1 (H.1)
It is easy to see that {Σ¯i0, Σ¯j0} = 0:
{Σ¯i0, Σ¯j0} = {
1
2η
(Λ¯ΓabΛ¯)(ΛΓ
abΓiD),
1
2η
(Λ¯ΓcdΛ¯)(ΛΓ
cdΓjD)}
=
1
4η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdΛ¯)(ΛΓ
abΓi)α(ΛΓcdΓj)β{Dα, Dβ}
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= − 1
2η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdΛ¯)(ΛΓ
abΓiΓmΓjΓcdΛ)Pm
= 0 (H.2)
using the identity (B.3).
The next step is to compute the anticommutator {Σ¯i0, Σ¯j1}. To this end let us write Σ¯j1
explicitly:
Σ¯j1 =
2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
abckjΛ)Ndk +
2
3η2
(Λ¯ΓabΛ¯)(Λ¯Γ
j
c R)(ΛΓ
abcdkΛ)Ndk
+
2
3η2
(Λ¯ΓabΛ¯)(Λ¯R)(ΛΓ
jabdkΛ)Ndk (H.3)
and denote each term by Σ¯j(1)1 , Σ¯
j(2)
1 , Σ¯
j(3)
1 , respectively. It can be shown that {Σ¯i0, Σ¯j(1)1 } =
0. Now we rewrite Σ¯j(2)1 , Σ¯
j(3)
1 in a more convenient way:
Σ¯
j(2)
1 = −
4
η
(Λ¯ΓcjR)(ΛΓcW )− 8
η2
(Λ¯ΓabΛ¯)(Λ¯Γ
j
c R)(ΛΓcaΛ)(ΛΓ
bW ) (H.4)
Σ¯
j(3)
1 = −
4
η
(Λ¯R)(ΛΓjW )− 8
η2
(Λ¯ΓabΛ¯)(Λ¯R)(ΛΓ
jaΛ)(ΛΓbW ) (H.5)
after using the identity (B.9). Therefore
{Σ¯i0, Σ¯j(2)1 } =
2
η2
(Λ¯ΓmnΛ¯)(Λ¯Γ
j
c R)(ΛΓ
cΓmnΓiD) +
4
η3
(Λ¯ΓmnΛ¯)(Λ¯ΓabΛ¯)(Λ¯Γ
j
c R)(ΛΓ
caΛ)(ΛΓbΓmnΓiD)
= − 8
η3
(Λ¯ΓabΛ¯)(Λ¯Γ
j
c R)(ΛΓ
caΛ)(Λ¯ΓinΛ¯)(ΛΓb nD)
+
4
η3
(Λ¯Γ ia Λ¯)(Λ¯Γ
j
c R)(ΛΓ
caΛ)(Λ¯ΓmnΛ¯)(ΛΓ
mnD)
+
4
η2
(Λ¯Γ jc R)(Λ¯Γ
ciΛ¯)(ΛD)− 4
η2
(Λ¯ΓcjR)(Λ¯ΓinΛ¯)(ΛΓcnD)
− 4
η2
(Λ¯ΓcjR)(Λ¯ΓcnΛ¯)(ΛΓ
inD) +
2
η2
(Λ¯ΓijR)(Λ¯ΓmnΛ¯)(ΛΓmnD)
+
2
η2
(Λ¯Γ jc R)(Λ¯ΓmnΛ¯)(ΛΓ
cimnD)
=
4
η2
(Λ¯R)(Λ¯ΓijΛ¯)(ΛD)− 4
η2
(Λ¯ΓcjR)(Λ¯ΓinΛ¯)(ΛΓcnD) +
4
η2
(Λ¯R)(Λ¯Γj nΛ¯)(ΛΓ
inD)
+
2
η2
(Λ¯ΓijR)(Λ¯ΓmnΛ¯)(ΛΓ
mnD) +
2
η2
(Λ¯Γ jc R)(Λ¯ΓmnΛ¯)(ΛΓ
cimnD) (H.6)
and by doing the same for Σ¯j(3)1 we obtain
{Σ¯i0, Σ¯j(3)1 } =
2
η2
(Λ¯R)(Λ¯ΓmnΛ¯)(ΛΓ
jΓmnΓiD) +
4
η3
(Λ¯ΓabΛ¯)(Λ¯R)(ΛΓ
jaΛ)(Λ¯ΓmnΛ¯)(ΛΓ
bΓmnΓiD)
= − 8
η3
(Λ¯ΓabΛ¯)(Λ¯R)(ΛΓ
jaΛ)(Λ¯Γi nΛ¯)(ΛΓ
bnD)
+
4
η3
(Λ¯Γ ia Λ¯)(Λ¯R)(ΛΓ
jaΛ)(Λ¯ΓmnΛ¯)(ΛΓ
mnD)
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− 4
η2
(Λ¯R)(Λ¯ΓijΛ¯)(ΛD)− 4
η2
(Λ¯R)(Λ¯Γj nΛ¯)(ΛΓ
inD)
− 4
η2
(Λ¯R)(Λ¯Γi nΛ¯)(ΛΓ
jnD) +
4
η2
ηij(Λ¯R)(Λ¯ΓmnΛ¯)(ΛΓ
mnD)
− 4
η2
(Λ¯R)(Λ¯ΓmnΛ¯)(ΛΓ
ijmnD) (H.7)
Hence we get
{Σ¯i0, Σ¯j1} = −
4
η2
(Λ¯ΓcjR)(Λ¯Γ
inΛ¯)(ΛΓcnD) +
2
η2
(Λ¯ΓijR)(Λ¯ΓmnΛ¯)(ΛΓ
mnD)
+
2
η2
(Λ¯Γ jc R)(Λ¯ΓmnΛ¯)(ΛΓ
cimnD)− 4
η2
(Λ¯R)(Λ¯Γi nΛ¯)(ΛΓ
jnD)
+
2
η2
ηij(Λ¯R)(Λ¯ΓmnΛ¯)(ΛΓ
mnD)− 2
η
(Λ¯R)(Λ¯ΓmnΛ¯)(ΛΓ
ijmnD) (H.8)
Analogously we obtain
{Σ¯i1, Σ¯j0} = −
4
η2
(Λ¯ΓciR)(Λ¯Γ
jnΛ¯)(ΛΓcnD) +
2
η2
(Λ¯ΓjiR)(Λ¯ΓmnΛ¯)(ΛΓ
mnD)
+
2
η2
(Λ¯Γ ic R)(Λ¯ΓmnΛ¯)(ΛΓ
cjmnD)− 4
η2
(Λ¯R)(Λ¯Γj nΛ¯)(ΛΓ
inD)
+
2
η2
ηji(Λ¯R)(Λ¯ΓmnΛ¯)(ΛΓ
mnD)− 2
η
(Λ¯R)(Λ¯ΓmnΛ¯)(ΛΓ
jimnD) (H.9)
and thus the sum of (H.8) and (H.9) is
{Σ¯i0, Σ¯j1}+ {Σ¯i1, Σ¯j0} = −
4
η2
(Λ¯ΓinΛ¯)(Λ¯ΓcjR)(ΛΓcnD)− 4
η2
(Λ¯ΓjnΛ¯)(Λ¯ΓciR)(ΛΓcnD)
+
2
η2
(Λ¯ΓmnΛ¯)(Λ¯Γ
j
c R)(ΛΓ
cimnD) +
2
η2
(Λ¯ΓmnΛ¯)(Λ¯Γ
i
c R)(ΛΓ
cjmnD)
− 4
η2
(Λ¯Γi nΛ¯)(Λ¯R)(ΛΓ
jnD)− 4
η2
(Λ¯Γj nΛ¯)(Λ¯R)(ΛΓ
inD)
+
4
η2
ηij(Λ¯ΓmnΛ¯)(Λ¯R)(ΛΓmnD) (H.10)
Now we will simplify the expression corresponding to Σ¯j1:
Σ¯j1 =
2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
abckjΛ)Ndk −
8
η2
(Λ¯ΓabΛ¯)(Λ¯Γ
j
c R)(ΛΓ
bcΛ)(ΛΓaW )
−4
η
(Λ¯ΓcjR)(ΛΓcW )− 4
η
(Λ¯R)(ΛΓjW )− 8
η2
(Λ¯ΓabΛ¯)(Λ¯R)(ΛΓ
jaΛ)(ΛΓbW )
(H.11)
Lets us call Y j1 to the first term of this expression and expand it as follows
Y j1 = (
6
24
)(Λ¯ΓabΛ¯)(Λ¯ΓcdR)[4(ΛΓ
cjΛ)(ΛΓabΓdW )− 4(ΛΓcaΛ)(ΛΓjbΓdW ) + 4(ΛΓcbΛ)(ΛΓjaΓdW )
+4(ΛΓabΛ)(ΛΓcjΓdW )− 4(ΛΓjbΛ)(ΛΓcaΓdW ) + 4(ΛΓjaΛ)(ΛΓcbΓdW )]
=
2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)[(ΛΓ
cjΛ)(ΛΓabΓdW )− 2(ΛΓcaΛ)(ΛΓjbΓdW ) + (ΛΓabΛ)(ΛΓcjΓdW )
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−2(ΛΓjbΛ)(ΛΓcaΓdW )]
=
2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)[2η
bd(ΛΓcjΛ)(ΛΓaW ) + (ΛΓcjΛ)(ΛΓabdW ) + 2ηdj(ΛΓcaΛ)(ΛΓbW )
−2ηbd(ΛΓcaΛ)(ΛΓjW )− 2(ΛΓcaΛ)(ΛΓbdjW ) + ηdj(ΛΓabΛ)(ΛΓcW )− ηcd(ΛΓabΛ)(ΛΓjW )
−(ΛΓabΛ)(ΛΓcdjW ) + 2ηcd(ΛΓjbΛ)(ΛΓaW )− 2ηad(ΛΓjbΛ)(ΛΓcW ) + 2(ΛΓjbΛ)(ΛΓacdW )]
=
4
η2
(Λ¯ΓacΛ¯)(Λ¯R)(ΛΓ
cjΛ)(ΛΓaW ) +
2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
cjΛ)(ΛΓabdW )
+
4
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcjR)(ΛΓcaΛ)(ΛΓbW ) +
4
η
(Λ¯R)(ΛΓjW )− 4
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
caΛ)(ΛΓbdjW )
+
2
η
(Λ¯ΓcjR)(ΛΓcW )− 2
η
(Λ¯ΓcdR)(ΛΓ
cdjW )− 4
η2
(Λ¯ΓabΛ¯)(Λ¯R)(ΛΓ
jbΛ)(ΛΓcW )
+
4
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
jbΛ)(ΛΓacdW )
=
4
η2
(Λ¯ΓacΛ¯)(Λ¯R)(ΛΓ
cjΛ)(ΛΓaW ) +
2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
cjΛ)(ΛΓabdW )
+
2
η2
(Λ¯ΓacΛ¯)(Λ¯ΓbjR)(ΛΓcaΛ)(ΛΓbW ) +
2
η2
(Λ¯ΓbjΛ¯)(Λ¯ΓacR)(ΛΓcaΛ)(ΛΓbW )
+
4
η2
(Λ¯ΓcjΛ¯)(Λ¯ΓbaR)(ΛΓcaΛ)(ΛΓbW ) +
4
η
(Λ¯R)(ΛΓjW )− 1
η2
(Λ¯ΓacΛ¯)(Λ¯ΓbdR)(ΛΓ
caΛ)(ΛΓbdjW )
− 1
η2
(Λ¯ΓbdΛ¯)(Λ¯ΓacR)(ΛΓ
caΛ)(ΛΓbdjW ) +
2
η
(Λ¯ΓcjR)(ΛΓcW )− 2
η
(Λ¯ΓcdR)(ΛΓ
cdjW )
− 4
η2
(Λ¯ΓcbΛ¯)(Λ¯R)(ΛΓ
jbΛ)(ΛΓcW )− 4
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
cjΛ)(ΛΓabdW )
=
8
η2
(Λ¯ΓacΛ¯)(Λ¯R)(ΛΓ
cjΛ)(ΛΓaW )− 2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
cjΛ)(ΛΓabdW )− 1
η
(Λ¯ΓcdR)(ΛΓ
cdjW )
+
2
η2
(Λ¯ΓbjΛ¯)(Λ¯ΓacR)(ΛΓcaΛ)(ΛΓbW ) +
4
η2
(Λ¯ΓcjΛ¯)(Λ¯ΓbaR)(ΛΓcaΛ)(ΛΓbW )
+
4
η
(Λ¯R)(ΛΓjW )− 1
η2
(Λ¯ΓbdΛ¯)(Λ¯ΓacR)(ΛΓ
caΛ)(ΛΓbdjW ) (H.12)
Plugging this result into the equation (H.11)
Σ¯j1 = −
2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
cjΛ)(ΛΓabdW )− 1
η
(Λ¯ΓcdR)(ΛΓ
cdjW )
+
2
η2
(Λ¯ΓbjΛ¯)(Λ¯ΓacR)(ΛΓcaΛ)(ΛΓbW ) +
4
η2
(Λ¯ΓcjΛ¯)(Λ¯ΓbaR)(ΛΓcaΛ)(ΛΓbW )
− 1
η2
(Λ¯ΓbdΛ¯)(Λ¯ΓacR)(ΛΓ
caΛ)(ΛΓbdjW )− 8
η2
(Λ¯ΓabΛ¯)(Λ¯Γ
j
c R)(ΛΓ
bcΛ)(ΛΓaW )
−4
η
(Λ¯ΓcjR)(ΛΓcW )
= − 2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
cjΛ)(ΛΓabdW )− 1
η
(Λ¯ΓcdR)(ΛΓ
cdjW )
+
2
η2
(Λ¯ΓbjΛ¯)(Λ¯ΓacR)(ΛΓcaΛ)(ΛΓbW ) +
4
η2
(Λ¯ΓcjΛ¯)(Λ¯ΓbaR)(ΛΓcaΛ)(ΛΓbW )
− 1
η2
(Λ¯ΓbdΛ¯)(Λ¯ΓacR)(ΛΓ
caΛ)(ΛΓbdjW ) +
4
η2
(Λ¯ΓnrΛ¯)(Λ¯ΓmjR)(ΛΓnrΛ)(ΛΓ
mW )
– 27 –
+
4
η2
(Λ¯ΓmjΛ¯)(Λ¯ΓnrR)(ΛΓnrΛ)(ΛΓmW ) +
8
η2
(Λ¯ΓrjΛ¯)(Λ¯ΓmnR)(ΛΓnrΛ)(ΛΓmW )
−4
η
(Λ¯ΓcjR)(ΛΓcW )
= − 2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
cjΛ)(ΛΓabdW )− 1
η
(Λ¯ΓcdR)(ΛΓ
cdjW )
+
2
η2
(Λ¯ΓbjΛ¯)(Λ¯ΓcaR)(ΛΓcaΛ)(ΛΓbW )− 4
η2
(Λ¯ΓcjΛ¯)(Λ¯ΓbaR)(ΛΓcaΛ)(ΛΓbW )
+
1
η2
(Λ¯ΓbdΛ¯)(Λ¯ΓacR)(ΛΓ
acΛ)(ΛΓbdjW ) (H.13)
This expression is invariant under the gauge symmetry generated by the pure spinor con-
straint, as it should. Now let us make the following definitions:
W j1 = −
2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
cjΛ)(ΛΓabdW ) (H.14)
W j2 = −
1
η
(Λ¯ΓcdR)(ΛΓ
cdjW ) (H.15)
W j3 =
2
η2
(Λ¯ΓbjΛ¯)(Λ¯ΓcaR)(ΛΓcaΛ)(ΛΓbW ) (H.16)
W j4 = −
4
η2
(Λ¯ΓcjΛ¯)(Λ¯ΓbaR)(ΛΓcaΛ)(ΛΓbW ) (H.17)
W j5 =
1
η2
(Λ¯ΓbdΛ¯)(Λ¯ΓacR)(ΛΓ
acΛ)(ΛΓbdjW ) (H.18)
Consequently to compute {Σ¯i1, Σ¯j1} we should calculate the anticommutator between each
pair of these W j{1,2,3,4,5} variables. Explicitly this computation works as follows
{W i1,W j1 } = {−
2
η2
(Λ¯ΓmnΛ¯)(Λ¯ΓrsR)(ΛΓ
riΛ)(ΛΓmnsW ),− 2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
cjΛ)(ΛΓabdW )}
=
4
η4
(Λ¯ΓmnΛ¯)(Λ¯ΓrsR)(Λ¯ΓabΛ¯)(Λ¯ΓcdR)[(ΛΓ
riΛ)(ΛΓmnsW ), (ΛΓcjΛ)(ΛΓabdW )]
=
4
η4
(Λ¯ΓmnΛ¯)(Λ¯ΓrsR)(Λ¯ΓabΛ¯)(Λ¯ΓcdR){(ΛΓriΛ)(ΛΓcjΛ)[(ΛΓmnsW ), (ΛΓabdW )]
+(ΛΓriΛ)[(ΛΓmnsW ), (ΛΓcjΛ)](ΛΓabdW ) + (ΛΓcjΛ)[(ΛΓriΛ), (ΛΓabdW )](ΛΓmnsW )}
=
64
η4
(Λ¯ΓmnΛ¯)(Λ¯ΓrsR)(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
riΛ)(ΛΓcjΛ)[δmsad N
nd]
= −32
η4
(Λ¯ΓdnΛ¯)(Λ¯ΓraR)(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
riΛ)(ΛΓcjΛ)Nnd
= 0 (H.19)
because of the identities (B.28) and (Λ¯R)(Λ¯R) = 0.
{W i2,W j2 } = {−
1
η
(Λ¯ΓmnR)(ΛΓ
mniW ),−1
η
(Λ¯ΓcdR)(ΛΓ
cdjW )}
=
1
η2
(Λ¯ΓmnR)(Λ¯ΓcdR)[(ΛΓ
mniW ), (ΛΓcdjW )]
– 28 –
=
1
η2
(Λ¯ΓmnR)(Λ¯ΓcdR)(4δ
mn
cd N
ij − 8δmncj N id − 8δmicd Nnj − 16δnicjNmd)
= − 8
η2
(Λ¯ΓcjR)(Λ¯ΓcdR)N
id − 8
η2
(Λ¯ΓmnR)(Λ¯Γ
miR)Nnj
− 8
η2
(Λ¯Γ cm R)(Λ¯ΓcdR)η
ij +
8
η2
(Λ¯ΓmjR)(Λ¯ΓidR)Nmd (H.20)
The use of the identity (B.5) allows us to write
{W i2,W j2 } = −
8
η2
[(Λ¯ΓjdR)(Λ¯R) +
1
2
(Λ¯ΓjdΛ¯)(RR)]N i d
+
8
η2
[(Λ¯ΓniR)(Λ¯R) +
1
2
(Λ¯ΓniΛ¯)(RR)]N jn
+
8
η2
ηij [(Λ¯ΓmdR)(Λ¯R) +
1
2
(Λ¯ΓmdΛ¯)(RR)]Nmd
+
8
η2
(Λ¯ΓmjR)(Λ¯ΓidR)Nmd
= − 8
η2
(Λ¯ΓjdR)(Λ¯R)N i d −
4
η2
(Λ¯ΓjdΛ¯)(RR)N i d
+
8
η2
(Λ¯ΓdiR)(Λ¯R)N jd +
4
η2
(Λ¯ΓdiΛ¯)(RR)N jd
+
8
η2
ηij(Λ¯ΓmdR)(Λ¯R)Nmd +
4
η2
ηij(Λ¯ΓmdΛ¯)(RR)Nmd
+
8
η2
(Λ¯ΓmjR)(Λ¯ΓidR)Nmd (H.21)
{W i3,W j3 } = {
2
η2
(Λ¯ΓniΛ¯)(Λ¯ΓrmR)(ΛΓrmΛ)(ΛΓnW ),
2
η2
(Λ¯ΓbjΛ¯)(Λ¯ΓcaR)(ΛΓcaΛ)(ΛΓbW )}
= − 8
η2
(Λ¯ΓniΛ¯)(Λ¯ΓrmR)(Λ¯Γbj)Λ¯(Λ¯ΓcaR)(ΛΓrmΛ)(ΛΓcaΛ)Nnb
= 0 (H.22)
because of the identities (B.26) and (ΛΓmnΛ)(Λ¯ΓmnR)(ΛΓabΛ)(Λ¯ΓabR) = 0.
{W i4,W j4 } = {−
4
η2
(Λ¯ΓriΛ¯)(Λ¯ΓnmR)(ΛΓrmΛ)(ΛΓaW ),− 4
η2
(Λ¯ΓcjΛ¯)(Λ¯ΓbaR)(ΛΓcaΛ)(ΛΓbW )}
= −32
η4
(Λ¯ΓriΛ¯)(Λ¯ΓnmR)(Λ¯ΓcjΛ¯)(Λ¯ΓbaR)(ΛΓrmΛ)(ΛΓcaΛ)Nnb (H.23)
which follows directly from the identity (B.26)
{W i5,W j5 } = {
1
η2
(Λ¯ΓnsΛ¯)(Λ¯Γ
mrR)(ΛΓmrΛ)(ΛΓ
nsiW ),
1
η2
(Λ¯ΓbdΛ¯)(Λ¯Γ
acR)(ΛΓacΛ)(ΛΓ
bdjW )}
=
1
η4
(Λ¯ΓnsΛ¯)(Λ¯ΓbdΛ¯)(Λ¯Γ
mrR)(Λ¯ΓacR)(ΛΓmrΛ)(ΛΓacΛ)[(ΛΓ
nsiW ), (ΛΓbdjW )]
=
8
η4
(Λ¯ΓnjΛ¯)(Λ¯ΓidΛ¯)(Λ¯ΓmrR)(Λ¯ΓacR)(ΛΓmrΛ)(ΛΓacΛ)Nnd
– 29 –
= 0 (H.24)
because of the identity (ΛΓmnΛ)(Λ¯ΓmnR)(ΛΓabΛ)(Λ¯ΓabR) = 0.
{W i1,W j2 } = {−
2
η2
(Λ¯ΓmnΛ¯)(Λ¯ΓrsR)(ΛΓ
riΛ)(ΛΓmnsW ),−1
η
(Λ¯ΓcdR)(ΛΓ
cdjW )}
=
2
η3
(Λ¯ΓmnΛ¯)(Λ¯ΓrsR)(Λ¯ΓcdR)[(ΛΓ
riΛ)(ΛΓmnsW ), (ΛΓcdjW )]
=
2
η3
(Λ¯ΓmnΛ¯)(Λ¯ΓrsR)(Λ¯ΓcdR){(ΛΓriΛ)[(ΛΓmnsW ), (ΛΓcdjW )]
+[(ΛΓriΛ), (ΛΓcdjW )](ΛΓmnsW )}
=
2
η3
(Λ¯ΓmnΛ¯)(Λ¯ΓrsR)(Λ¯ΓcdR)[−8δmncj + 8δnscd − 16δnscj Nmd]
+
4
η3
(Λ¯ΓmnΛ¯)(Λ¯ΓrsR)(Λ¯ΓcdR)(ΛΓ
cdjriΛ)(ΛΓmnsW )
= −16
η3
(Λ¯ΓcjΛ¯)(Λ¯ΓrsR)(Λ¯ΓcdR)(ΛΓ
riΛ)N sd
+
16
η3
(Λ¯ΓmnΛ¯)(Λ¯ΓrsR)(Λ¯Γ
nsR)(ΛΓriΛ)Nmj
−16
η3
[(Λ¯ΓmcΛ¯)(Λ¯Γ
j
r R)(Λ¯Γ
cdR)(ΛΓriΛ)− (Λ¯Γ jm Λ¯)(Λ¯ΓrcR)(Λ¯ΓcdR)(ΛΓriΛ)]Nmd
+
4
η3
(Λ¯ΓmnΛ¯)(Λ¯ΓrsR)(Λ¯ΓcdR)(ΛΓ
cdjriΛ)(ΛΓmnsW )
=
32
η3
(Λ¯Γ jd Λ¯)(Λ¯ΓrsR)(Λ¯R)(ΛΓ
riΛ)N sd +
16
η3
(Λ¯ΓsdΛ¯)(Λ¯Γ
rjR)(Λ¯R)(ΛΓ ir Λ)N
sd
−16
η3
(Λ¯Γ jd Λ¯)(Λ¯ΓrsΛ¯)(RR)(ΛΓ
riΛ)Nds
+
4
η3
(Λ¯ΓmnΛ¯)(Λ¯ΓrsR)(Λ¯ΓcdR)(ΛΓ
cdjriΛ)(ΛΓmnsW ) (H.25)
{W i1,W j3 } = {−
2
η2
(Λ¯ΓmnΛ¯)(Λ¯ΓrsR)(ΛΓ
riΛ)(ΛΓmnsW ),
2
η2
(Λ¯ΓbjΛ¯)(Λ¯ΓcaR)(ΛΓcaΛ)(ΛΓbW )}
=
8
η4
(Λ¯ΓmnΛ¯)(Λ¯ΓrsR)(ΛΓ
riΛ)(Λ¯ΓbjΛ¯)(Λ¯ΓcaR)(ΛΓcaΛ)(ΛΓ
mns
bW )
= 0 (H.26)
where we have used the identities (B.2), (B.27).
{W i1,W j4 } = {−
2
η2
(Λ¯ΓmnΛ¯)(Λ¯ΓrsR)(ΛΓ
riΛ)(ΛΓmnsW ),− 4
η2
(Λ¯ΓcjΛ¯)(Λ¯ΓbaR)(ΛΓcaΛ)(ΛΓbW )}
=
8
η4
(Λ¯ΓmnΛ¯)(Λ¯ΓrsR)(Λ¯Γ
cjΛ¯)(Λ¯ΓbaR){(ΛΓriΛ)[(ΛΓmnsW ), (ΛΓcaΛ)](ΛΓbW )
+(ΛΓcaΛ)[(ΛΓ
mnsW ), (ΛΓbW )]}
= −16
η4
(Λ¯ΓmnΛ¯)(Λ¯ΓrsR)(Λ¯Γ
cjΛ¯)(Λ¯ΓbaR)(ΛΓriΛ)(ΛΓmnscaΛ)(ΛΓbW )
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−16
η3
(Λ¯ΓmnΛ¯)(Λ¯ΓrsR)(Λ¯Γ
bjR)(ΛΓriΛ)(ΛΓmnsbW )
= −16
η3
(Λ¯ΓmnΛ¯)(Λ¯ΓrsR)(Λ¯Γ
bjR)(ΛΓriΛ)(ΛΓmnsbW ) (H.27)
because of the identity (B.2).
{W i1,W j5 } = {−
2
η
(Λ¯ΓmnΛ¯)(Λ¯ΓrsR)(ΛΓ
riΛ)(ΛΓmnsW ),
1
η2
(Λ¯ΓbdΛ¯)(Λ¯ΓacR)(ΛΓ
acΛ)(ΛΓbdjW )}
= − 2
η4
(Λ¯ΓmnΛ¯)(Λ¯ΓrsR)(Λ¯ΓbdΛ¯)(Λ¯ΓacR)[(ΛΓ
riΛ)(ΛΓmnsW ), (ΛΓacΛ)(ΛΓbdjW )]
= − 2
η4
(Λ¯ΓmnΛ¯)(Λ¯ΓrsR)(Λ¯ΓbdΛ¯)(Λ¯ΓacR){(ΛΓriΛ)(ΛΓacΛ)[(ΛΓmnsW ), (ΛΓbdjW )]
+(ΛΓacΛ)[(ΛΓriΛ), (ΛΓbdjW )](ΛΓmnsW )}
= − 4
η4
(Λ¯ΓmnΛ¯)(Λ¯ΓrsR)(Λ¯ΓbdΛ¯)(Λ¯ΓacR)(ΛΓ
acΛ)(ΛΓbdjriΛ)(ΛΓmnsW )
− 2
η4
(Λ¯ΓmnΛ¯)(Λ¯ΓrsR)(Λ¯ΓbdΛ¯)(Λ¯ΓacR)(ΛΓ
riΛ)(ΛΓacΛ)[16δmsbj N
nd]
=
16
η4
(Λ¯ΓjnΛ¯)(Λ¯ΓrbR)(Λ¯Γ
bdΛ¯)(Λ¯ΓacR)(ΛΓacΛ)(ΛΓ
riΛ)Nnd
=
8
η4
(Λ¯Γj rΛ¯)(Λ¯Γ
ndΛ¯)(Λ¯R)(Λ¯ΓacR)(ΛΓacΛ)(ΛΓ
riΛ)Nnd (H.28)
{W i2,W j3 } = {−
1
η
(Λ¯ΓmnR)(ΛΓ
mniW ),
2
η2
(Λ¯Γ jb Λ¯)(Λ¯Γ
caR)(ΛΓcaΛ)(ΛΓ
bW )}
=
4
η3
(Λ¯ΓmnR)(Λ¯Γ
j
b Λ¯)(Λ¯Γ
caR)(ΛΓcaΛ)(ΛΓ
mnibW ) (H.29)
{W i2,W j4 } = {−
1
η
(Λ¯ΓmnR)(ΛΓ
mniW ),− 4
η2
(Λ¯ΓcjΛ¯)(Λ¯ΓbaR)(ΛΓcaΛ)(ΛΓbW )}
=
4
η3
(Λ¯ΓmnR)(Λ¯Γ
j
c Λ¯)(Λ¯ΓbaR)[−2(ΛΓcaΛ)(ΛΓmnibW )− 2(ΛΓmnicaΛ)(ΛΓbW )]
= − 8
η3
(Λ¯ΓmnR)(Λ¯Γ
j
c Λ¯)(Λ¯ΓbaR)(ΛΓ
caΛ)(ΛΓmnibW )
− 8
η3
(Λ¯ΓmnR)(Λ¯Γ
j
c Λ¯)(Λ¯ΓbaR)(ΛΓ
mnicaΛ)(ΛΓbW ) (H.30)
{W i2,W j5 } = {−
1
η
(Λ¯ΓmnR)(ΛΓ
mniW ),
1
η2
(Λ¯ΓbdΛ¯)(Λ¯ΓacR)(ΛΓ
acΛ)(ΛΓbdjW )}
= − 1
η3
(Λ¯ΓmnR)(Λ¯ΓbdΛ¯)(Λ¯ΓacR)(ΛΓ
acΛ)[(ΛΓmniW ), (ΛΓbdjW )]
= − 1
η3
(Λ¯ΓmnR)(Λ¯ΓbdΛ¯)(Λ¯ΓacR)(ΛΓ
acΛ)[−8δmnbj − 8δmibd + 16δmibj ]
=
8
η3
(Λ¯ΓbjR)(Λ¯ΓbdΛ¯)(Λ¯ΓacR)(ΛΓ
acΛ)N id
– 31 –
+
8
η3
(Λ¯ΓmnR)(Λ¯Γ
miΛ¯)(Λ¯ΓacR)(ΛΓ
acΛ)Nnj
−16
η3
(
1
2
)[ηij(Λ¯ΓbnR)(Λ¯Γ db Λ¯)− (Λ¯ΓjnR)(Λ¯ΓidΛ¯)](Λ¯ΓacR)(ΛΓacΛ)Nnd
= − 8
η3
(Λ¯ΓjdΛ¯)(Λ¯R)(Λ¯ΓacR)(ΛΓ
acΛ)N i d
− 8
η3
(Λ¯ΓidΛ¯)(Λ¯R)(Λ¯ΓacR)(ΛΓ
acΛ)N jd
+
8
η3
(Λ¯ΓndΛ¯)(Λ¯R)(Λ¯ΓacR)(ΛΓ
acΛ)ηijNnd
+
8
η3
(Λ¯ΓjnR)(Λ¯ΓidΛ¯)(Λ¯ΓacR)(ΛΓ
acΛ)Nnd (H.31)
{W i3,W j4 } = {
2
η2
(Λ¯ΓniΛ¯)(Λ¯ΓrmR)(ΛΓrmΛ)(ΛΓnW ),− 4
η2
(Λ¯ΓcjΛ¯)(Λ¯ΓbaR)(ΛΓcaΛ)(ΛΓbW )}
=
16
η4
(Λ¯ΓniΛ¯)(Λ¯ΓrmR)(ΛΓrmΛ)(Λ¯Γ
cjΛ¯)(Λ¯ΓbaR)(ΛΓcaΛ)Nnb (H.32)
{W i3,W j5 } = {
2
η2
(Λ¯ΓniΛ¯)(Λ¯ΓrmR)(ΛΓrmΛ)(ΛΓnW ),
1
η2
(Λ¯ΓbdΛ¯)(Λ¯ΓacR)(ΛΓ
acΛ)(ΛΓbdjW )}
= 0 (H.33)
{W i4,W j5 } = {−
4
η2
(Λ¯ΓriΛ¯)(Λ¯ΓnmR)(ΛΓrmΛ)(ΛΓnW ),
1
η2
(Λ¯ΓbdΛ¯)(Λ¯ΓacR)(ΛΓ
acΛ)(ΛΓbdjW )}
= − 8
η4
(Λ¯ΓriΛ¯)(Λ¯Γ mn R)(Λ¯ΓbdΛ¯)(Λ¯ΓacR)(ΛΓrmΛ)(ΛΓ
acΛ)(ΛΓbdjnW )
= − 4
η3
(Λ¯Γ in R)(Λ¯ΓbdΛ¯)(Λ¯ΓacR)(ΛΓ
acΛ)(ΛΓbdjnW ) (H.34)
Putting all together, the result is
{Σ¯i, Σ¯j} = − 4
η2
(Λ¯ΓinΛ¯)(Λ¯ΓcjR)(ΛΓcnD)− 4
η2
(Λ¯ΓjnΛ¯)(Λ¯ΓciR)(ΛΓcnD)
+
2
η2
(Λ¯ΓmnΛ¯)(Λ¯Γ
j
c R)(ΛΓ
cimnD) +
2
η2
(Λ¯ΓmnΛ¯)(Λ¯Γ
i
c R)(ΛΓ
cjmnD)
− 4
η2
(Λ¯Γi nΛ¯)(Λ¯R)(ΛΓ
jnD)− 4
η2
(Λ¯Γj nΛ¯)(Λ¯R)(ΛΓ
inD) +
4
η2
ηij(Λ¯ΓmnΛ¯)(Λ¯R)(ΛΓmnD)
− 8
η2
(Λ¯ΓjdR)(Λ¯R)N i d −
4
η2
(Λ¯ΓjdΛ¯)(RR)N i d
+
8
η2
(Λ¯ΓdiR)(Λ¯R)N jd +
4
η2
(Λ¯ΓdiΛ¯)(RR)N jd
+
8
η2
ηij(Λ¯ΓmdR)(Λ¯R)Nmd +
4
η2
ηij(Λ¯ΓmdΛ¯)(RR)Nmd +
8
η2
(Λ¯ΓmjR)(Λ¯ΓidR)Nmd
+
32
η3
(Λ¯Γ jd Λ¯)(Λ¯ΓrsR)(Λ¯R)(ΛΓ
riΛ)N sd +
16
η3
(Λ¯ΓsdΛ¯)(Λ¯Γ
rjR)(Λ¯R)(ΛΓ ir Λ)N
sd
– 32 –
−16
η3
(Λ¯Γ jd Λ¯)(Λ¯ΓrsΛ¯)(RR)(ΛΓ
riΛ)Nds +
32
η3
(Λ¯Γ id Λ¯)(Λ¯ΓrsR)(Λ¯R)(ΛΓ
rjΛ)N sd
+
16
η3
(Λ¯ΓsdΛ¯)(Λ¯Γ
riR)(Λ¯R)(ΛΓ jr Λ)N
sd − 16
η3
(Λ¯Γ id Λ¯)(Λ¯ΓrsΛ¯)(RR)(ΛΓ
rjΛ)Nds
−16
η3
(Λ¯ΓmnΛ¯)(Λ¯ΓrsR)(Λ¯Γ
bjR)(ΛΓriΛ)(ΛΓmnsbW )
−16
η3
(Λ¯ΓmnΛ¯)(Λ¯ΓrsR)(Λ¯Γ
biR)(ΛΓrjΛ)(ΛΓmnsbW )
+
8
η4
(Λ¯Γj rΛ¯)(Λ¯Γ
ndΛ¯)(Λ¯R)(Λ¯ΓacR)(ΛΓacΛ)(ΛΓ
riΛ)Nnd
+
8
η4
(Λ¯Γi rΛ¯)(Λ¯Γ
ndΛ¯)(Λ¯R)(Λ¯ΓacR)(ΛΓacΛ)(ΛΓ
rjΛ)Nnd
+
4
η3
(Λ¯ΓmnR)(Λ¯Γ
j
b Λ¯)(Λ¯Γ
caR)(ΛΓcaΛ)(ΛΓ
mnibW )
+
4
η3
(Λ¯ΓmnR)(Λ¯Γ
i
b Λ¯)(Λ¯Γ
caR)(ΛΓcaΛ)(ΛΓ
mnjbW )
− 8
η3
(Λ¯ΓmnR)(Λ¯Γ
j
c Λ¯)(Λ¯ΓbaR)(ΛΓ
caΛ)(ΛΓmnibW )
− 8
η3
(Λ¯ΓmnR)(Λ¯Γ
j
c Λ¯)(Λ¯ΓbaR)(ΛΓ
mnicaΛ)(ΛΓbW )
− 8
η3
(Λ¯ΓmnR)(Λ¯Γ
i
c Λ¯)(Λ¯ΓbaR)(ΛΓ
caΛ)(ΛΓmnjbW )
− 8
η3
(Λ¯ΓmnR)(Λ¯Γ
i
c Λ¯)(Λ¯ΓbaR)(ΛΓ
mnjcaΛ)(ΛΓbW )
−16
η3
(Λ¯ΓjdΛ¯)(Λ¯R)(Λ¯ΓacR)(ΛΓ
acΛ)N i d −
16
η3
(Λ¯ΓidΛ¯)(Λ¯R)(Λ¯ΓacR)(ΛΓ
acΛ)N jd
+
16
η3
(Λ¯ΓndΛ¯)(Λ¯R)(Λ¯ΓacR)(ΛΓ
acΛ)ηijNnd +
16
η3
(Λ¯ΓjnR)(Λ¯ΓidΛ¯)(Λ¯ΓacR)(ΛΓ
acΛ)Nnd
+
16
η4
(Λ¯ΓniΛ¯)(Λ¯ΓrmR)(ΛΓrmΛ)(Λ¯Γ
cjΛ¯)(Λ¯ΓbaR)(ΛΓcaΛ)Nnb
+
16
η4
(Λ¯ΓnjΛ¯)(Λ¯ΓrmR)(ΛΓrmΛ)(Λ¯Γ
ciΛ¯)(Λ¯ΓbaR)(ΛΓcaΛ)Nnb
− 4
η3
(Λ¯Γ in R)(Λ¯ΓbdΛ¯)(Λ¯ΓacR)(ΛΓ
acΛ)(ΛΓbdjnW )
− 4
η3
(Λ¯Γ jn R)(Λ¯ΓbdΛ¯)(Λ¯ΓacR)(ΛΓ
acΛ)(ΛΓbdinW ) (H.35)
One of the useful things that can be extracted from this result is the fact that {Σ¯i, Σ¯j}
depends linearly and quadratically on Rα. This allows us to find the Rα-dependence of
{b, b} which it turns out to be of the form:
{b, b} = Rαf (1)α + . . .+RαRβRδRσRρRλf (6)αβδσρλ (H.36)
where f (i)α1...αi for i = 1, . . . , 6 are functions of pure spinor variables Λα, Λ¯α,Wα and the
fermionic constraints Dα.
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This can be used to check that {b, b} = QΩ where Ω is an arbitrary function of pure
spinor variables and the constraints Dα. To see this let us expand Ω in terms of Rα:
Ω = Ω(0) +RαΩ(1)α +R
αβΩ
(2)
αβ + . . .+R
α1...α23Ω(23)α1...α23 (H.37)
Thus the action of the BRST operator Q = Q0 +RαW¯α on Ω gives us
QΩ = Q0Ω
(0) +Rα(
∂
∂Λ¯α
Ω(0) +Q0Ω
(1)
α ) +R
αRβ(
∂
∂Λ¯α
Ω
(1)
β +Q0Ω
(2)
αβ) + . . . (H.38)
The comparison of this result with the equation (H.36) determines the functions Ω(k) for
k = 1, . . . , 23:
0 = Q0Ω
(0) (H.39)
f (1)α =
∂
∂Λ¯α
Ω(0) +Q0Ω
(1)
α (H.40)
f
(2)
αβ =
∂
∂Λ¯α
Ω
(1)
β +Q0Ω
(2)
αβ (H.41)
...
Therefore if we make the following definitions:
Ω(0) = Λ¯αf (1)α (H.42)
Ω
(1)
β = Λ¯
αf
(2)
αβ (H.43)
Ω
(2)
βδ = Λ¯
αf
(3)
αβδ (H.44)
...
Ω
(5)
βδσρλ = Λ¯
αf
(6)
αβδσρλ (H.45)
Ω
(6)
βδσρλγ = 0 (H.46)
...
Ω(23) = 0 (H.47)
the equations above are automatically solved.
I Expanding the simplified D = 11 b-ghost
In this Appendix we will reproduce the terms contained in O(Σ¯2) in the expression for
the simplified D = 11 b-ghost. First we will reproduce the quadratic term in Dα in the
expression for the b-ghost (3.2)
η−2L(1)ab,cd(ΛΓ
aD)(ΛΓbcdD) (I.1)
We will work with the expression
bsimpl = P
iΣ¯i − 4
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
ajΛ)Σ¯j [(ΛΓ
bdΛ)Σ¯c +
1
η
(ΛΓbdΛ)(Λ¯ΓcsΛ¯)(ΛΓskΛ)Σ¯
k]
(I.2)
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It is useful to write Σ¯i0 in the convenient way:
Σ¯i0 =
1
2η
[(Λ¯ΓabΛ¯)(ΛΓ
iΓabD) + 4(Λ¯ΓaiΛ¯)(ΛΓaD)] (I.3)
Therefore we have
(ΛΓijΛ)Σ¯
j
0 =
2
η
(ΛΓijΛ)(Λ¯Γ
ajΛ¯)(ΛΓaD) (I.4)
which is a direct consequence of the identity (B.1). Now we will expand Σ¯i as it was done
in (3.9):
Σ¯i = Σ¯i0 +
2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
abckiΛ)Ndk +
2
3η2
(Λ¯ΓabΛ¯)(Λ¯Γ
i
c R)(ΛΓ
abcqjΛ)Nqj
− 2
3η2
(Λ¯ΓacΛ¯)(Λ¯R)(ΛΓ
aicqjΛ)Nqj (I.5)
Using this equation we can write Σ¯j , Σ¯c, Σ¯k in the following way:
Σ¯j = Σ¯j0 +
2
η2
(Λ¯Γef Λ¯)(Λ¯ΓghR)(ΛΓ
efgijΛ)Nhi +
2
3η2
(Λ¯Γef Λ¯)(Λ¯Γ
j
g R)(ΛΓ
efghiΛ)Nhi
− 2
3η2
(Λ¯ΓegΛ¯)(Λ¯R)(ΛΓ
ejghiΛ)Nhi (I.6)
Σ¯c = Σ¯c0 +
2
η2
(Λ¯ΓlmΛ¯)(Λ¯ΓnpR)(ΛΓ
lmnqcΛ)Npq +
2
3η2
(Λ¯ΓlmΛ¯)(Λ¯Γ
c
n R)(ΛΓ
lmnpqΛ)Npq
− 2
3η2
(Λ¯ΓlnΛ¯)(Λ¯R)(ΛΓ
lcnpqΛ)Npq (I.7)
Σ¯k = Σ¯k0 +
2
η2
(Λ¯ΓrtΛ¯)(Λ¯ΓuwR)(ΛΓ
rtuykΛ)Nwy +
2
3η2
(Λ¯ΓrtΛ¯)(Λ¯Γ
k
u R)(ΛΓ
rtuwyΛ)Nwy
− 2
3η2
(Λ¯ΓruΛ¯)(Λ¯R)(ΛΓ
rkuwyΛ)Nwy (I.8)
Replacing these expressions in (I.2) we have
bsimpl = P
iΣ¯i − 4
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
bdΛ)(ΛΓajΛ)[Σ¯
j
0 +
2
η2
(Λ¯Γef Λ¯)(Λ¯ΓghR)(ΛΓ
efgijΛ)Nhi
+
2
3η2
(Λ¯Γef Λ¯)(Λ¯Γ
j
g R)(ΛΓ
efghiΛ)Nhi − 2
3η2
(Λ¯ΓegΛ¯)(Λ¯R)(ΛΓ
ejghiΛ)Nhi]×
{Σ¯c0 +
2
η2
(Λ¯ΓlmΛ¯)(Λ¯ΓnpR)(ΛΓ
lmnqcΛ)Npq +
2
3η2
(Λ¯ΓlmΛ¯)(Λ¯Γ
c
n R)(ΛΓ
lmnpqΛ)Npq
− 2
3η2
(Λ¯ΓlnΛ¯)(Λ¯R)(ΛΓ
lcnpqΛ)Npq +
1
η
(Λ¯Γc sΛ¯)(ΛΓ
s
kΛ)[Σ¯
k
0 +
2
η2
(Λ¯ΓrtΛ¯)(Λ¯ΓuwR)(ΛΓ
rtuykΛ)Nwy
+
2
3η2
(Λ¯ΓrtΛ¯)(Λ¯Γ
k
u R)(ΛΓ
rtuwyΛ)Nwy − 2
3η2
(Λ¯ΓruΛ¯)(Λ¯R)(ΛΓ
rkuwyΛ)Nwy]}
(I.9)
Hence the contributions proportional to D2 are:
b
(2)
simp = −
4
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
ajΛ)Σ¯0 j [(ΛΓ
bdΛ)Σ¯c0 +
1
η
(ΛΓbdΛ)(Λ¯ΓcsΛ¯)(ΛΓskΛ)Σ¯
k
0]
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= − 4
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
ajΛ)(ΛΓbdΛ)Σ¯0 jΣ¯
c
0
− 4
η3
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
ajΛ)(ΛΓbdΛ)(Λ¯ΓcsΛ¯)(ΛΓskΛ)Σ¯0 jΣ¯
k
0
= − 8
η3
(Λ¯ΓabΛ¯)(Λ¯ΓcdΛ¯)(ΛΓ
bdΛ)(ΛΓajΛ)(Λ¯ΓmjΛ¯)(ΛΓ
mD)Σ¯c0
− 2
η2
(Λ¯ΓabΛ¯)(Λ¯R)(ΛΓ
bkΛ)(ΛΓajΛ)Σ¯0 jΣ¯0 k
= − 2
η3
(Λ¯ΓacR)(ΛΓ
ajΛ)(Λ¯ΓmjΛ¯)(ΛΓ
mD)[(Λ¯ΓrsΛ¯)(ΛΓ
rscD) + 2(Λ¯Γ cr Λ¯)(ΛΓ
rD)]
−1
η
(Λ¯R)(ΛΓjkΛ)Σ¯0 jΣ¯0 k
= − 2
η3
(Λ¯ΓacR)(ΛΓ
ajΛ)(Λ¯ΓmjΛ¯)(Λ¯ΓrsΛ¯)(ΛΓ
mD)(ΛΓrscD)
− 4
η3
(Λ¯R)(ΛΓajΛ)(Λ¯ΓmjΛ¯)(Λ¯Γ
raΛ¯)(ΛΓmD)(ΛΓrD)
− 4
η3
(Λ¯R)(ΛΓjkΛ)(Λ¯ΓmjΛ¯)(Λ¯ΓnkΛ¯)(ΛΓ
mD)(ΛΓnD)
= − 1
η2
(Λ¯ΓrsΛ¯)(Λ¯ΓmcR)(ΛΓ
mD)(ΛΓrscD) +
2
η2
(Λ¯R)(Λ¯ΓmrΛ¯)(ΛΓmD)(ΛΓrD)
− 2
η2
(Λ¯R)(Λ¯ΓmrΛ¯)(ΛΓmD)(ΛΓrD)
= − 1
η2
(Λ¯ΓrsΛ¯)(Λ¯ΓmcR)(ΛΓ
mD)(ΛΓrscD)
=
1
η2
L(1)mc,rs(ΛΓ
mD)(ΛΓcrsD)
where we have used the equation (I.4) and the identities (B.3), (B.4).
The next term to be computed is that proportional to η−3. This term can be calculated
in two steps. First we focus on the part proportional to (ΛΓaD) which will be called K1
and then on the part proportional to (ΛΓbcdD) which will be called K2. Thus
K1 = − 4
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
bdΛ)(ΛΓajΛ)Σ¯
j
0 × {
2
η2
(Λ¯ΓlmΛ¯)(Λ¯ΓnpR)(ΛΓ
lmnqcΛ)Npq
+
2
3η2
(Λ¯ΓlmΛ¯)(Λ¯Γ
c
n R)(ΛΓ
lmnpqΛ)Npq − 2
3η2
(Λ¯ΓlnΛ¯)(Λ¯R)(ΛΓ
lcnpqΛ)Npq
+
1
η
(Λ¯Γc sΛ¯)(ΛΓ
s
kΛ)[
2
η2
(Λ¯ΓrtΛ¯)(Λ¯ΓuwR)(ΛΓ
rtuykΛ)Nwy
+
2
3η2
(Λ¯ΓrtΛ¯)(Λ¯Γ
k
u R)(ΛΓ
rtuwyΛ)Nwy − 2
3η2
(Λ¯ΓruΛ¯)(Λ¯R)(ΛΓ
rkuwyΛ)Nwy]}
(I.10)
We can use the identity (I.4) to simplify this expression:
K1 = − 4
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
bdΛ)(ΛΓajΛ)Σ¯
j
0 × {
2
η2
(Λ¯ΓlmΛ¯)(Λ¯ΓnpR)(ΛΓ
lmnqcΛ)Npq
+
2
3η2
(Λ¯ΓlmΛ¯)(Λ¯Γ
c
n R)(ΛΓ
lmnpqΛ)Npq − 2
3η2
(Λ¯ΓlnΛ¯)(Λ¯R)(ΛΓ
lcnpqΛ)Npq
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+
1
η
(Λ¯Γc sΛ¯)(ΛΓ
s
kΛ)[
2
3η2
(Λ¯ΓrtΛ¯)(Λ¯Γ
k
u R)(ΛΓ
rtuwyΛ)Nwy]}
= − 8
η3
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
bdΛ)(ΛΓajΛ)(Λ¯ΓxjΛ¯)(ΛΓ
xD)× { 2
η2
(Λ¯ΓlmΛ¯)(Λ¯ΓnpR)(ΛΓ
lmnqcΛ)Npq
+
2
3η2
(Λ¯ΓlmΛ¯)(Λ¯Γ
c
n R)(ΛΓ
lmnpqΛ)Npq − 2
3η2
(Λ¯ΓlnΛ¯)(Λ¯R)(ΛΓ
lcnpqΛ)Npq
+
2
3η3
(Λ¯Γc sΛ¯)(ΛΓ
s
kΛ)(Λ¯ΓrtΛ¯)(Λ¯Γ
k
u R)(ΛΓ
rtuwyΛ)Nwy}
= − 4
η2
(Λ¯ΓxbΛ¯)(Λ¯ΓcdR)(ΛΓ
xD)(ΛΓbdΛ)× { 2
η2
(Λ¯ΓlmΛ¯)(Λ¯ΓnpR)(ΛΓ
lmnqcΛ)Npq
+
2
3η2
(Λ¯ΓlmΛ¯)(Λ¯Γ
c
n R)(ΛΓ
lmnpqΛ)Npq − 2
3η2
(Λ¯ΓlnΛ¯)(Λ¯R)(ΛΓ
lcnpqΛ)Npq
+
2
3η3
(Λ¯Γc sΛ¯)(ΛΓ
s
kΛ)(Λ¯ΓrtΛ¯)(Λ¯Γ
k
u R)(ΛΓ
rtuwyΛ)Nwy} (I.11)
Now it is useful to use the following identity which is followed from (B.4):
(Λ¯ΓxbΛ¯)(Λ¯ΓcdR)(ΛΓ
bdΛ) = [
1
2
(Λ¯ΓxcΛ¯)(Λ¯ΓbdR) +
1
2
(Λ¯ΓbdΛ¯)(Λ¯ΓxcR) + (Λ¯ΓcdΛ¯)(Λ¯ΓbxR)](ΛΓ
bdΛ)
(I.12)
With the additional use of (B.2) we obtain
K1 = − 4
η3
(Λ¯ΓxcR)(ΛΓ
xD)(Λ¯ΓlmΛ¯)(Λ¯ΓnpR)(ΛΓ
lmnqcΛ)Npq
− 4
3η3
(Λ¯ΓxcR)(ΛΓ
xD)(Λ¯ΓlmΛ¯)(Λ¯Γ
c
n R)(ΛΓ
lmnpqΛ)Npq
+
4
3η3
(Λ¯ΓxcR)(ΛΓ
xD)(Λ¯ΓlnΛ¯)(Λ¯R)(ΛΓlcnpqΛ)Npq
+
2
3η3
(Λ¯ΓxcR)(ΛΓxD)(Λ¯ΓcuΛ¯)(Λ¯ΓrtR)(ΛΓ
rtupqΛ)Npq
= − 4
η3
(Λ¯ΓlmΛ¯)(Λ¯ΓnpR)(Λ¯Γ
xcR)(ΛΓlmnqcΛ)(ΛΓxD)Npq
+
4
3η3
(Λ¯ΓlmΛ¯)(Λ¯ΓxcR)(Λ¯Γ
c
n R)(ΛΓ
lmnpqΛ)(ΛΓxD))Npq
− 4
3η3
(Λ¯ΓlnΛ¯)(Λ¯ΓxcR)(Λ¯R)(ΛΓ
lcnpqΛ)(ΛΓxD)Npq
− 2
3η3
(Λ¯ΓcuΛ¯)(Λ¯Γ
xcR)(Λ¯ΓrtR)(ΛΓ
rtupqΛ)(ΛΓxD)Npq
=
4
η3
(Λ¯ΓlmΛ¯)(Λ¯ΓcxR)(Λ¯Γ
p
n R)(ΛΓ
lmcnqΛ)(ΛΓxD)Nqp
− 2
η3
(Λ¯ΓlnΛ¯)(Λ¯ΓxmR)(Λ¯R)(ΛΓ
lmnpqΛ)(ΛΓxD)Npq
=
4
η3
(Λ¯ΓlmΛ¯)(Λ¯ΓcxR)(Λ¯Γ
p
n R)(ΛΓ
lmcnqΛ)(ΛΓxD)Nqp
− 2
η3
(Λ¯ΓlmΛ¯)(Λ¯ΓnxR)(Λ¯R)(ΛΓ
lmnpqΛ)(ΛΓxD)Npq (I.13)
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Now let us move on to compute the term proportional to (ΛΓabcD), this term comes
from the following contribution:
K2 = − 4
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
bdΛ)(ΛΓajΛ)[
2
η2
(Λ¯Γef Λ¯)(Λ¯ΓghR)(ΛΓ
efgijΛ)Nhi
+
2
3η2
(Λ¯Γef Λ¯)(Λ¯Γ
j
g R)(ΛΓ
efghiΛ)Nhi − 2
3η2
(Λ¯ΓegΛ¯)(Λ¯R)(ΛΓ
ejghiΛ)Nhi]×
[Σ¯c0 +
1
η
(Λ¯ΓcsΛ¯)(ΛΓskΛ)Σ¯0 k]
= −2
η
(Λ¯ΓacR)(ΛΓ
a
jΛ)[
2
3η2
(Λ¯Γef Λ¯)(Λ¯Γ
j
g R)(ΛΓ
efghiΛ)Nhi]×
[Σ¯c0 +
1
η
(Λ¯ΓcsΛ¯)(ΛΓskΛ)Σ¯0 k] (I.14)
where we have just used the identities (B.4) and (B.7). Therefore
K2 = − 4
3η3
(Λ¯ΓacR)(ΛΓ
a
jΛ)[(Λ¯Γef Λ¯)(Λ¯Γ
j
g R)(ΛΓ
efghiΛ)Nhi]×
[
1
2η
(Λ¯ΓmnΛ¯)(ΛΓ
mncD)]
= − 2
3η4
(Λ¯ΓacR)(ΛΓ
a
jΛ)[(Λ¯Γef Λ¯)(Λ¯Γ
j
g R)(ΛΓ
efghiΛ)Nhi]×
(Λ¯ΓmnΛ¯)(ΛΓ
mncD)
=
2
3η4
(Λ¯ΓacR)(ΛΓ
a
jΛ)[(Λ¯Γ
j
g Λ¯)(Λ¯ΓefR)(ΛΓ
efghiΛ)Nhi]×
(Λ¯ΓmnΛ¯)(ΛΓ
mncD)
=
1
3η3
(Λ¯ΓmnΛ¯)(Λ¯ΓgcR)(Λ¯ΓefR)(ΛΓ
efghiΛ)Nhi(ΛΓ
mncD)
= − 1
3η3
(Λ¯ΓgcΛ¯)(Λ¯ΓmnR)(Λ¯ΓefR)(ΛΓ
efghiΛ)Nhi(ΛΓ
cmnD)
=
1
3η3
(Λ¯Γef Λ¯)(Λ¯ΓmnR)(Λ¯ΓgcR)(ΛΓ
efghiΛ)Nhi(ΛΓ
cmnD)
= − 1
3η3
(Λ¯Γef Λ¯)(Λ¯ΓgcR)(Λ¯ΓmnR)(ΛΓ
efghiΛ)Nhi(ΛΓ
cmnD) (I.15)
Thus the term desired is
b
(3)
simp =
4
η3
(Λ¯ΓlmΛ¯)(Λ¯ΓcxR)(Λ¯Γ
p
n R)(ΛΓ
lmcnqΛ)(ΛΓxD)Nqp
− 2
η3
(Λ¯ΓlmΛ¯)(Λ¯ΓnxR)(Λ¯R)(ΛΓ
lmnpqΛ)(ΛΓxD)Npq
− 1
3η3
(Λ¯Γef Λ¯)(Λ¯ΓgcR)(Λ¯ΓmnR)(ΛΓ
efghiΛ)Nhi(ΛΓ
cmnD) (I.16)
The last term to be calculated is that proportional to η−4. The relevant terms are
(after using (B.7)):
b
(4)
simp = −
4
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
bdΛ)(ΛΓajΛ)(
2
3η2
)(Λ¯Γef Λ¯)(Λ¯ΓgjR)(ΛΓ
efghiΛ)Nhi[
2
η2
(Λ¯ΓlmΛ¯)×
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(Λ¯ΓnpR)(ΛΓ
lmnqcΛ)Npq +
2
3η2
(Λ¯ΓlmΛ¯)(Λ¯Γ
c
n R)(ΛΓ
lmnpqΛ)Npq − 2
3η2
(Λ¯ΓlnΛ¯)(Λ¯R)(ΛΓ
lcnpqΛ)Npq+
+
2
3η3
(Λ¯ΓcsΛ¯)(ΛΓ
s
kΛ)(Λ¯ΓrtΛ¯)(Λ¯ΓukR)(ΛΓ
rtupqΛ)Npq]
= − 4
3η3
(Λ¯ΓacR)(ΛΓ
ajΛ)(Λ¯Γef Λ¯)(Λ¯ΓgjR)(ΛΓ
efghiΛ)Nhi[
2
η2
(Λ¯ΓlmΛ¯)(Λ¯ΓnpR)(ΛΓ
lmnqcΛ)Npq
+
2
3η2
(Λ¯ΓlmΛ¯)(Λ¯Γ
c
n R)(ΛΓ
lmnpqΛ)Npq − 2
3η2
(Λ¯ΓlnΛ¯)(Λ¯R)(ΛΓ
lcnpqΛ)Npq
+
1
3η2
(Λ¯ΓrtΛ¯)(Λ¯Γ
c
uR)(ΛΓ
rtupqΛ)Npq]
=
2
3η2
(Λ¯ΓgcR)(Λ¯ΓefR)(ΛΓ
efghiΛ)Nhi[
2
η2
(Λ¯ΓlmΛ¯)(Λ¯ΓnpR)(ΛΓ
lmnqcΛ)Npq
+
1
3η2
(Λ¯ΓlmΛ¯)(Λ¯Γ
c
n R)(ΛΓ
lmnpqΛ)Npq − 2
3η2
(Λ¯ΓlnΛ¯)(Λ¯R)(ΛΓ
lcnpqΛ)Npq]
=
2
3η2
(Λ¯ΓgcR)(Λ¯ΓefR)(ΛΓ
efghiΛ)Nhi[
2
η2
(Λ¯ΓlmΛ¯)(Λ¯ΓnpR)(ΛΓ
lmnqcΛ)Npq
− 1
3η2
(Λ¯Γ cn Λ¯)(Λ¯ΓlmR)(ΛΓ
lmnpqΛ)Npq − 2
3η2
(Λ¯ΓlnΛ¯)(Λ¯R)(ΛΓ
lcnpqΛ)Npq]
=
4
3η4
(Λ¯ΓlmΛ¯)(Λ¯ΓnpR)(Λ¯ΓgcR)(Λ¯ΓefR)(ΛΓ
efghiΛ)Nhi(ΛΓ
lmnqcΛ)Npq
− 2
9η4
(Λ¯R)(Λ¯ΓefR)(Λ¯ΓngΛ¯)(Λ¯ΓlmR)(ΛΓ
efghiΛ)Nhi(ΛΓ
lmnpqΛ)Npq
− 4
9η4
(Λ¯ΓgmR)(Λ¯ΓefR)(Λ¯ΓlnΛ¯)(Λ¯R)(ΛΓ
efghiΛ)Nhi(ΛΓ
lmnpqΛ)Npq
=
4
3η4
(Λ¯ΓlmΛ¯)(Λ¯ΓnpR)(Λ¯ΓgcR)(Λ¯ΓefR)(ΛΓ
efghiΛ)Nhi(ΛΓ
lmnqcΛ)Npq
+
2
9η4
(Λ¯ΓefR)(Λ¯ΓlmΛ¯)(Λ¯ΓngR)(Λ¯R)(ΛΓ
efghiΛ)Nhi(ΛΓ
lmnpqΛ)Npq
− 4
9η4
(Λ¯ΓgmR)(Λ¯ΓefR)(Λ¯ΓlnΛ¯)(Λ¯R)(ΛΓ
efghiΛ)Nhi(ΛΓ
lmnpqΛ)Npq
=
4
3η4
(Λ¯ΓlmΛ¯)(Λ¯ΓnpR)(Λ¯ΓgcR)(Λ¯ΓefR)(ΛΓ
efghiΛ)Nhi(ΛΓ
lmnqcΛ)Npq
− 2
3η4
(Λ¯ΓgmR)(Λ¯ΓefR)(Λ¯ΓlnΛ¯)(Λ¯R)(ΛΓ
efghiΛ)Nhi(ΛΓ
lmnpqΛ)Npq
=
4
3η4
(Λ¯ΓlmΛ¯)(Λ¯ΓnpR)(Λ¯ΓgcR)(Λ¯ΓefR)(ΛΓ
efghiΛ)Nhi(ΛΓ
lmnqcΛ)Npq
− 2
3η4
(Λ¯ΓlnΛ¯)(Λ¯ΓmgR)(Λ¯ΓefR)(Λ¯R)(ΛΓ
efghiΛ)Nhi(ΛΓ
lnmpqΛ)Npq
=
4
3η4
(Λ¯Γef Λ¯)(Λ¯ΓgcR)(Λ¯ΓlmR)(Λ¯ΓnpR)(ΛΓ
efghiΛ)Nhi(ΛΓ
clmnqΛ)Nqp
− 2
3η4
(Λ¯Γef Λ¯)(Λ¯ΓgmR)(Λ¯ΓlnR)(Λ¯R)(ΛΓ
efghiΛ)Nhi(ΛΓ
lnmpqΛ)Npq (I.17)
So our simplified D = 11 b-ghost has the following expansion:
bsimpl = P
i[
1
2
η−1(Λ¯ΓabΛ¯)(ΛΓabΓiD) + η−2L
(1)
ab,cd[2(ΛΓ
abc
kiΛ)N
dk
– 39 –
+
2
3
(ηb pη
d
i − ηbdηpi)(ΛΓapcqjΛ)Nqj ]] +
1
η2
L(1)mc,rs(ΛΓ
mD)(ΛΓcrsD) +
+
4
η3
(Λ¯ΓlmΛ¯)(Λ¯ΓcxR)(Λ¯Γ
p
n R)(ΛΓ
lmcnqΛ)(ΛΓxD)Nqp
− 2
η3
(Λ¯ΓlmΛ¯)(Λ¯ΓnxR)(Λ¯R)(ΛΓ
lmnpqΛ)(ΛΓxD)Npq
− 1
3η3
(Λ¯Γef Λ¯)(Λ¯ΓgcR)(Λ¯ΓmnR)(ΛΓ
efghiΛ)Nhi(ΛΓ
cmnD)
+
4
3η4
(Λ¯Γef Λ¯)(Λ¯ΓgcR)(Λ¯ΓlmR)(Λ¯ΓnpR)(ΛΓ
efghiΛ)Nhi(ΛΓ
clmnqΛ)Nqp
− 2
3η4
(Λ¯Γef Λ¯)(Λ¯ΓgmR)(Λ¯ΓlnR)(Λ¯R)(ΛΓ
efghiΛ)Nhi(ΛΓ
lnmpqΛ)Npq (I.18)
We can compare this result with the expansion of the b-ghost in (3.2)
b =
1
2
η−1(Λ¯ΓabΛ¯)(ΛΓabΓiD)Pi + η−2L
(1)
ab,cd[(ΛΓ
aD)(ΛΓbcdD) + 2(ΛΓabcijΛ)N
diP j
2
3
(ηb pη
d
q − ηbdηpq)(ΛΓapcijΛ)NijP q]−
1
3
η−3L(2)ab,cd,ef{(ΛΓabcijΛ)(ΛΓdefD)Nij
− 12[(ΛΓabceiΛ)ηfj − 2
3
ηf [a(ΛΓbce]ijΛ](ΛΓdD)Nij}
+
4
3
η−4L(3)ab,cd,ef,gh(ΛΓ
abcijΛ)[(ΛΓdefgkΛ)ηhl − 2
3
ηh[d(ΛΓefg]klΛ)]{Nij , Nkl} (I.19)
The quadratic term in Dα is easy to obtain using the identity (B.10)
b(2) =
1
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
aD)(ΛΓbcdD) (I.20)
Now we will find the term proportional to η−3. Let us do this in two steps: First let
us focus on the term proportional to ΛΓaD (which will be called K ′1) and then on the term
proportional to ΛΓabcD (which will be called K ′2):
K ′1 =
4
η3
L
(2)
ab,cd,ef [(ΛΓ
abceiΛ)(ΛΓdD)ηfjNij − 2
3
ηf [a(ΛΓbce]ijΛ)(ΛΓdD)Nij ]
=
4
η3
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯Γ
j
e R)(ΛΓ
abceiΛ)(ΛΓdD)Nij
− 8
3η3
L
(2)
ab,cd,ef (
1
4
)[ηfa(ΛΓbceijΛ)− ηfb(ΛΓaceijΛ) + ηfc(ΛΓabeijΛ)](ΛΓdD)Nij
=
4
η3
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯Γ
j
e R)(ΛΓ
abceiΛ)(ΛΓdD)Nij
− 2
3η3
L
(2)
ab,cd,ef [2η
fa(ΛΓbceijΛ) + ηfc(ΛΓabeijΛ)](ΛΓdD)Nij
=
4
η3
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯Γ
j
e R)(ΛΓ
abceiΛ)(ΛΓdD)Nij
− 2
3η3
[2L
(2) a
ab,cd,e (ΛΓ
bceijΛ) + L
(2) c
ab,cd,e (ΛΓ
abeijΛ)](ΛΓdD)Nij
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where the identity (B.12) was used from the first to the second line. Now we make use of
the identities (B.14) and (B.15):
K ′1 =
4
η3
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯Γ
j
e R)(ΛΓ
abceiΛ)(ΛΓdD)Nij
− 2
9η3
{[4(Λ¯ΓebΛ¯)(Λ¯ΓcdR)(Λ¯R)− 2(Λ¯ΓcdΛ¯)(Λ¯ΓabR)(Λ¯Γ ae R)](ΛΓbceijΛ)
+[(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯Γ
c
e R)− 2(Λ¯ΓedΛ¯)(Λ¯ΓabR)(Λ¯R)](ΛΓabeijΛ)}(ΛΓdD)Nij
=
4
η3
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯Γ
j
e R)(ΛΓ
abceiΛ)(ΛΓdD)Nij
− 2
9η3
{[6(Λ¯ΓebΛ¯)(Λ¯ΓcdR)(Λ¯R)− 2(Λ¯ΓcdΛ¯)(Λ¯ΓabR)(Λ¯Γ ae R)](ΛΓbceijΛ)
+(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯Γ
c
e R)(ΛΓ
abeijΛ)}(ΛΓdD)Nij
=
4
η3
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯Γ
j
e R)(ΛΓ
abceiΛ)(ΛΓdD)Nij
− 2
9η3
{[6(Λ¯ΓebΛ¯)(Λ¯ΓcdR)(Λ¯R)− 2(Λ¯ΓceΛ¯)(Λ¯ΓdbR)(Λ¯R)− (Λ¯ΓcbΛ¯)(Λ¯ΓadR)(Λ¯Γ ae R)
−(Λ¯ΓedΛ¯)(Λ¯ΓcbR)(Λ¯R)](ΛΓbceijΛ)− (Λ¯ΓcbΛ¯)(Λ¯ΓadR)(Λ¯Γ ae R)(ΛΓbceijΛ)}(ΛΓdD)Nij
=
4
η3
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯Γ
j
e R)(ΛΓ
abceiΛ)(ΛΓdD)Nij
− 2
9η3
{[6(Λ¯ΓebΛ¯)(Λ¯ΓcdR)(Λ¯R)− 2(Λ¯ΓceΛ¯)(Λ¯ΓdbR)(Λ¯R)− 2(Λ¯ΓcbΛ¯)(Λ¯ΓadR)(Λ¯Γ ae R)
−(Λ¯ΓedΛ¯)(Λ¯ΓcbR)(Λ¯R)](ΛΓbceijΛ)}(ΛΓdD)Nij
=
4
η3
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯Γ
j
e R)(ΛΓ
abceiΛ)(ΛΓdD)Nij
− 2
9η3
{[6(Λ¯ΓebΛ¯)(Λ¯ΓcdR)(Λ¯R)− 2(Λ¯ΓceΛ¯)(Λ¯ΓdbR)(Λ¯R)− 2(Λ¯ΓcbΛ¯)(Λ¯ΓedR)(Λ¯R)
+(Λ¯ΓcbΛ¯)(Λ¯ΓedR)(Λ¯R)](ΛΓ
bceijΛ)}(ΛΓdD)Nij
where we have made use of the identity (B.4). By using the antisymmetry in (b, c, e) we
show that:
K ′1 =
4
η3
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯Γ
j
e R)(ΛΓ
abceiΛ)(ΛΓdD)Nij
− 2
η3
(Λ¯ΓbcΛ¯)(Λ¯ΓedR)(Λ¯R)(ΛΓ
bceijΛ)(ΛΓdD)Nij (I.21)
Now let us focus on the term proportional to (ΛΓbcdD). This term appears in the
expression (3.2) in the form (after using (B.12)):
K ′2 = −
1
3η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯ΓefR)(ΛΓ
abcpqΛ)(ΛΓdefD)Npq (I.22)
Putting these results together we obtain
b(3) =
4
η3
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯Γ
j
e R)(ΛΓ
abceiΛ)(ΛΓdD)Nij
– 41 –
− 2
η3
(Λ¯ΓbcΛ¯)(Λ¯ΓedR)(Λ¯R)(ΛΓ
bceijΛ)(ΛΓdD)Nij
− 1
3η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯ΓefR)(ΛΓ
abcpqΛ)(ΛΓdefD)Npq (I.23)
which it should be compared with the analog expression corresponding to bsimpl, equation
(I.16).
The last term to be computed is that proportional to η−4 in (3.2):
b(4) =
4
3
η−4L(3)ab,cd,ef,gh(ΛΓ
abcijΛ)[(ΛΓdefgkΛ)ηhl − 2
3
ηh[d(ΛΓefg]klΛ)]{Nij , Nkl} (I.24)
Let us use some identities in order to write this expression in a simpler way. It is more
convenient to do this in two steps: First we will focus on the first term (P1) and then on
the second term (P2):
P1 =
4
3
η−4L(3)ab,cd,ef,gh(ΛΓ
abcijΛ)(ΛΓdefgkΛ)ηhl{Nij , Nkl}
=
4
3η4
(
1
4
)[(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯ΓefR)(Λ¯ΓghR)− (Λ¯ΓcdΛ¯)(Λ¯ΓabR)(Λ¯ΓefR)(Λ¯ΓghR)+
+ (Λ¯Γef Λ¯)(Λ¯ΓabR)(Λ¯ΓcdR)(Λ¯ΓghR)− (Λ¯ΓghΛ¯)(Λ¯ΓabR)(Λ¯ΓcdR)(Λ¯ΓefR)](ΛΓabcijΛ)×
(ΛΓdefgkΛ)ηhl{Nij , Nkl}
=
2
3η4
[(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯ΓefR)(Λ¯ΓghR) + (Λ¯Γef Λ¯)(Λ¯ΓabR)(Λ¯ΓcdR)(Λ¯ΓghR)](ΛΓ
abcijΛ)×
(ΛΓdefgkΛ)ηhl{Nij , Nkl}
=
2
3η4
[(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯ΓefR)(Λ¯ΓghR)− (Λ¯ΓcdΛ¯)(Λ¯ΓabR)(Λ¯ΓefR)(Λ¯ΓghR)](ΛΓabcijΛ)×
(ΛΓdefgkΛ)ηhl{Nij , Nkl}
=
4
3η4
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯ΓefR)(Λ¯ΓghR)(ΛΓ
abcijΛ)(ΛΓdefgkΛ)ηhl{Nij , Nkl} (I.25)
The simplifications made here are result of repeated uses of the identities (B.10) and (B.11).
Now let us focus on P2:
P2 = − 8
9η4
L
(3)
ab,cd,ef,gh(ΛΓ
abcijΛ)ηh[d(ΛΓefg]klΛ){Nij , Nkl}
= − 2
9η4
L
(3)
ab,cd,ef,gh(ΛΓ
abcijΛ)[ηhd(ΛΓefgklΛ)− 2ηhe(ΛΓdfgklΛ)]{Nij , Nkl}
= − 2
9η4
[L
(3)
ab,cd,ef,ghη
hd(ΛΓabcijΛ)(ΛΓefgklΛ)− 2L(3)ab,cd,ef,ghηhe(ΛΓabcijΛ)(ΛΓdfgklΛ)]{Nij , Nkl}
(I.26)
We can simplify each term separately:
(P ′2)
ijkl = L
(3)
ab,cd,ef,ghη
hd(ΛΓabcijΛ)(ΛΓefgklΛ)
=
1
4
[(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯ΓefR)(Λ¯Γ
d
g R)− (Λ¯ΓcdΛ¯)(Λ¯ΓabR)(Λ¯ΓefR)(Λ¯Γ dg R)
– 42 –
+ (Λ¯Γef Λ¯)(Λ¯ΓabR)(Λ¯ΓcdR)(Λ¯Γ
d
g R)− (Λ¯Γ dg Λ)(Λ¯ΓabR)(Λ¯ΓcdR)(Λ¯ΓefR)](ΛΓabcijΛ)(ΛΓefgklΛ)
=
1
4
[−2(Λ¯ΓcgΛ¯)(Λ¯ΓabR)(Λ¯ΓefR)(Λ¯R)− 2(Λ¯Γ dg Λ)(Λ¯ΓabR)(Λ¯ΓcdR)(Λ¯ΓefR)](ΛΓabcijΛ)(ΛΓefgklΛ)
=
1
4
[−2(Λ¯ΓcgΛ¯)(Λ¯ΓabR)(Λ¯ΓefR)(Λ¯R)− 2(Λ¯ΓgcΛ)(Λ¯ΓabR)(Λ¯R)(Λ¯ΓefR)](ΛΓabcijΛ)(ΛΓefgklΛ)
= (Λ¯ΓabΛ¯)(Λ¯ΓcgR)(Λ¯Γef Λ¯)(Λ¯R)(ΛΓ
abcijΛ)(ΛΓefgklΛ) (I.27)
(P ′′2 )
ijkl = −2L(3)ab,cd,ef,gh(ΛΓdfgklΛ)(ΛΓabcijΛ)
= −1
2
[(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯ΓefR)(Λ¯Γ
e
g R)− (Λ¯ΓcdΛ¯)(Λ¯ΓabR)(Λ¯ΓefR)(Λ¯Γ eg R)
+ (Λ¯Γef Λ¯)(Λ¯ΓabR)(Λ¯ΓcdR)(Λ¯Γ
e
g R)− (Λ¯Γ eg Λ¯)(Λ¯ΓabR)(Λ¯ΓcdR)(Λ¯ΓefR)](ΛΓdfgklΛ)(ΛΓabcijΛ)
= [(Λ¯ΓcdΛ¯)(Λ¯ΓabR)(Λ¯ΓefR)(Λ¯Γ
e
g R) + (Λ¯ΓfgΛ¯)(Λ¯ΓabR)(Λ¯ΓcdR)(Λ¯R)](ΛΓ
dfgklΛ)(ΛΓabcijΛ)
= [−(Λ¯ΓcdΛ¯)(Λ¯ΓabR)(Λ¯ΓfgR)(Λ¯R) + (Λ¯ΓfgΛ¯)(Λ¯ΓabR)(Λ¯ΓcdR)(Λ¯R)](ΛΓdfgklΛ)(ΛΓabcijΛ)
= 2(Λ¯ΓfgΛ¯)(Λ¯ΓabR)(Λ¯ΓcdR)(Λ¯R)(ΛΓ
dfgklΛ)(ΛΓabcijΛ)
= 2(Λ¯ΓfgΛ¯)(Λ¯ΓdcR)(Λ¯ΓabR)(Λ¯R)(ΛΓ
fgdklΛ)(ΛΓcabijΛ) (I.28)
Therefore
P2 = − 2
3η4
(Λ¯ΓabΛ¯)(Λ¯ΓcgR)(Λ¯Γef Λ¯)(Λ¯R)(ΛΓ
abcijΛ)(ΛΓefgklΛ){Nij , Nkl} (I.29)
This result together with (I.25) gives us the following result for b(4):
b(4) =
4
3η4
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯ΓefR)(Λ¯ΓghR)(ΛΓ
abcijΛ)(ΛΓdefgkΛ)ηhl{Nij , Nkl}
− 2
3η4
(Λ¯ΓabΛ¯)(Λ¯ΓcgR)(Λ¯Γef Λ¯)(Λ¯R)(ΛΓ
abcijΛ)(ΛΓefgklΛ){Nij , Nkl} (I.30)
which it should be compared with the analog expression corresponding to bsimpl, equation
(I.17).
Hence we can write the full expansion for the b-ghost given in (3.2)
b = P i[
1
2
η−1(Λ¯ΓabΛ¯)(ΛΓabΓiD) + η−2L
(1)
ab,cd[2(ΛΓ
abc
kiΛ)N
dk
+
2
3
(ηb pη
d
i − ηbdηpi)(ΛΓapcqjΛ)Nqj ]] +
1
η2
L
(1)
ab,cd(ΛΓ
aD)(ΛΓbcdD)
+
4
η3
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯Γ
j
e R)(ΛΓ
abceiΛ)(ΛΓdD)Nij
− 2
η3
(Λ¯ΓbcΛ¯)(Λ¯ΓedR)(Λ¯R)(ΛΓ
bceijΛ)(ΛΓdD)Nij
− 1
3η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯ΓefR)(ΛΓ
abcpqΛ)(ΛΓdefD)Npq
+
4
3η4
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯ΓefR)(Λ¯ΓghR)(ΛΓ
abcijΛ)(ΛΓdefgkΛ)ηhl{Nij , Nkl}
− 2
3η4
(Λ¯ΓabΛ¯)(Λ¯ΓcgR)(Λ¯Γef Λ¯)(Λ¯R)(ΛΓ
abcijΛ)(ΛΓefgklΛ){Nij , Nkl} (I.31)
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This expression differs from (I.18) in two points. First, the position of Nhi in the last term
proportional to η−3 is not at the end of the expression as it is in (I.31). Second, in the
terms proportional to η−4 we do not have the anticommutator of Nab’s in (I.18) as we do
in (I.31), and once again the position of Nhi is not at the end of the expressions in (I.18)
as it is in (I.31).
In order to have a clearer idea on what is happening, we will move all of the Nab’s at the
end of the expressions mentioned above in (I.18). Let us start with the term proportional
to η−3. We should put the ghost current Nhi to the right hand side of (ΛΓcmnD). For
this purpose we compute the commutator between Nhi and (ΛΓcmnD) with the symmetry
properties written in (I.15):
[Nhi, (ΛΓcmnD)] = −2ηhimn(ΛΓcD)− 4ηcmhi (ΛΓnD)− 4ηhm(ΛΓcinD)− 2ηch(ΛΓimnD)
+(ΛΓchimnD) (I.32)
The use of the identities (B.4), (B.6) allows us to cancel out all of the terms except the last
one, so
K2 = − 1
3η3
(Λ¯Γef Λ¯)(Λ¯ΓgcR)(Λ¯ΓmnR)(ΛΓ
efghiΛ)(ΛΓcmnD)Nhi
− 1
3η3
(Λ¯Γef Λ¯)(Λ¯ΓgcR)(Λ¯ΓmnR)(ΛΓ
efghiΛ)(ΛΓchimnD) (I.33)
Therefore b(3)simpl changes by the factor− 13η3 (Λ¯Γef Λ¯)(Λ¯ΓgcR)(Λ¯ΓmnR)(ΛΓefghiΛ)(ΛΓchimnD)
when Nmn is placed at the end of the full expression.
Now we move on to the terms proportional to η−4. We should move Nhi to the right
hand side of (ΛΓclmnqΛ):
[Nhi, (ΛΓclmnqΛ)] = 4ηhq(ΛΓcilmnΛ)− 4ηhn(ΛΓcilmqΛ)− 8ηhl(ΛΓcimnqΛ)− 4ηch(ΛΓilmnqΛ)
(I.34)
These are the relevant terms in (I.17) and it is a direct consequence of the equation (B.25)
and the symmetry properties of the expression (I.17). The last two terms do not contribute
as it can be seen after using (B.4), (B.6). So we are left with:
Z1 =
4
3η4
(Λ¯Γef Λ¯)(Λ¯ΓgcR)(Λ¯ΓlmR)(Λ¯ΓnpR)(ΛΓ
efghiΛ)(ΛΓclmnqΛ)NhiNqp
+
16
3η4
(Λ¯Γef Λ¯)(Λ¯ΓgcR)(Λ¯ΓlmR)(Λ¯ΓnpR)[(ΛΓ
efgqiΛ)(ΛΓcilmnΛ)− (ΛΓefgniΛ)(ΛΓcilmqΛ)]Nqp
=
4
3η4
(Λ¯Γef Λ¯)(Λ¯ΓgcR)(Λ¯ΓlmR)(Λ¯ΓnpR)(ΛΓ
efghiΛ)(ΛΓclmnqΛ)NhiNqp
+
16
3η4
[(Λ¯Γef Λ¯)(Λ¯ΓgcR)(Λ¯ΓlmR)(Λ¯ΓnpR)(ΛΓ
efgqiΛ)(ΛΓcilmnΛ)
− 16
3η4
(Λ¯ΓlmΛ¯)(Λ¯ΓcgR)(Λ¯ΓefR)(Λ¯ΓnpR)(ΛΓ
lmcniΛ)(ΛΓgiefqΛ)]Nqp
=
4
3η4
(Λ¯Γef Λ¯)(Λ¯ΓgcR)(Λ¯ΓlmR)(Λ¯ΓnpR)(ΛΓ
efghiΛ)(ΛΓclmnqΛ)NhiNqp
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+
16
3η4
[(Λ¯Γef Λ¯)(Λ¯ΓgcR)(Λ¯ΓlmR)(Λ¯ΓnpR)(ΛΓ
efgqiΛ)(ΛΓcilmnΛ)
− 16
3η4
(Λ¯ΓgcΛ¯)(Λ¯ΓlmR)(Λ¯ΓefR)(Λ¯ΓnpR)(ΛΓ
clmniΛ)(ΛΓefgiqΛ)]Nqp
=
4
3η4
(Λ¯Γef Λ¯)(Λ¯ΓgcR)(Λ¯ΓlmR)(Λ¯ΓnpR)(ΛΓ
efghiΛ)(ΛΓclmnqΛ)NhiNqp
+
16
3η4
[(Λ¯Γef Λ¯)(Λ¯ΓgcR)(Λ¯ΓlmR)(Λ¯ΓnpR)(ΛΓ
efgqiΛ)(ΛΓcilmnΛ)
− 16
3η4
(Λ¯Γef Λ¯)(Λ¯ΓgcR)(Λ¯ΓlmR)(Λ¯ΓnpR)(ΛΓ
climnΛ)(ΛΓefgqiΛ)]Nqp
=
4
3η4
(Λ¯Γef Λ¯)(Λ¯ΓgcR)(Λ¯ΓlmR)(Λ¯ΓnpR)(ΛΓ
efghiΛ)(ΛΓclmnqΛ)NhiNqp (I.35)
Now let us make the same procedure with the remaining term. The relevant commu-
tation relation is:
[Nhi, (ΛΓlmnpqΛ)] = −8ηhp(ΛΓilmnqΛ)− 4ηhm(ΛΓilnpqΛ) + 8ηhl(ΛΓimnpqΛ) (I.36)
Once again, we have obtained this result by using the identity (B.25) and the symmetry
properties of the corresponding expression in (I.17). When applying the equations (B.4),
(B.6), the last two terms vanish and we obtain
Z2 = − 2
3η4
(Λ¯Γef Λ¯)(Λ¯ΓgmR)(Λ¯ΓlnR)(Λ¯R)(ΛΓ
efghiΛ)(ΛΓlnmpqΛ)NhiNpq
+
16
3η4
(Λ¯Γef Λ¯)(Λ¯ΓgmR)(Λ¯ΓlnR)(Λ¯R)(ΛΓ
efgpiΛ)(ΛΓilmnqΛ)Npq (I.37)
Now we will show that the last term is zero. Let us see how this happens:
M =
16
3η4
(Λ¯Γef Λ¯)(Λ¯ΓgmR)(Λ¯ΓlnR)(Λ¯R)(ΛΓ
efgpiΛ)(ΛΓilmnqΛ)Npq
= − 16
3η4
(Λ¯ΓlnΛ¯)(Λ¯ΓmgR)(Λ¯ΓefR)(Λ¯R)(ΛΓ
lnmqiΛ)(ΛΓiegfpΛ)Npq
=
16
3η4
(Λ¯Γef Λ¯)(Λ¯ΓmgR)(Λ¯ΓlnR)(Λ¯R)(ΛΓ
lmnqiΛ)(ΛΓefgpiΛ)Npq
= − 16
3η4
(Λ¯Γef Λ¯)(Λ¯ΓgmR)(Λ¯ΓlnR)(Λ¯R)(ΛΓ
lmnqiΛ)(ΛΓefgpiΛ)Npq
= −M
→M = 0 (I.38)
Therefore,
Z2 = − 2
3η4
(Λ¯Γef Λ¯)(Λ¯ΓgmR)(Λ¯ΓlnR)(Λ¯R)(ΛΓ
efghiΛ)(ΛΓlnmpqΛ)NhiNpq (I.39)
This means that b(4)simpl does not change when we move Nmn to the end of the full expression.
We can summarize the result in the following expression for the simplified b-ghost:
bsimpl = P
i[
1
2
η−1(Λ¯ΓabΛ¯)(ΛΓabΓiD) + η−2L
(1)
ab,cd[2(ΛΓ
abc
kiΛ)N
dk
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+
2
3
(ηb pη
d
i − ηbdηpi)(ΛΓapcqjΛ)Nqj ]] +
1
η2
L(1)mc,rs(ΛΓ
mD)(ΛΓcrsD) +
+
4
η3
(Λ¯ΓlmΛ¯)(Λ¯ΓcxR)(Λ¯Γ
p
n R)(ΛΓ
lmcnqΛ)(ΛΓxD)Nqp
− 2
η3
(Λ¯ΓlmΛ¯)(Λ¯ΓnxR)(Λ¯R)(ΛΓ
lmnpqΛ)(ΛΓxD)Npq
− 1
3η3
(Λ¯Γef Λ¯)(Λ¯ΓgcR)(Λ¯ΓmnR)(ΛΓ
efghiΛ)(ΛΓcmnD)Nhi
+
4
3η4
(Λ¯Γef Λ¯)(Λ¯ΓgcR)(Λ¯ΓlmR)(Λ¯ΓnpR)(ΛΓ
efghiΛ)(ΛΓclmnqΛ)NhiNqp
− 2
3η4
(Λ¯Γef Λ¯)(Λ¯ΓgmR)(Λ¯ΓlnR)(Λ¯R)(ΛΓ
efghiΛ)(ΛΓlnmpqΛ)NhiNpq
− 1
3η3
(Λ¯Γef Λ¯)(Λ¯ΓgcR)(Λ¯ΓmnR)(ΛΓ
efghiΛ)(ΛΓchimnD) (I.40)
We can write the anticommutator instead of the ordinary product of Nab’s recalling the
relation 2NhiNpq = [Nhi, Npq]+{Nhi, Npq}. The commutator contribution vanishes because
of the identity (B.7). Therefore the final form for the expansion of the simplified b-ghost is
bsimpl = P
i[
1
2
η−1(Λ¯ΓabΛ¯)(ΛΓabΓiD) + η−2L
(1)
ab,cd[2(ΛΓ
abc
kiΛ)N
dk
+
2
3
(ηb pη
d
i − ηbdηpi)(ΛΓapcqjΛ)Nqj ]] +
1
η2
L(1)mc,rs(ΛΓ
mD)(ΛΓcrsD) +
+
4
η3
(Λ¯ΓlmΛ¯)(Λ¯ΓcxR)(Λ¯Γ
p
n R)(ΛΓ
lmcnqΛ)(ΛΓxD)Nqp
− 2
η3
(Λ¯ΓlmΛ¯)(Λ¯ΓnxR)(Λ¯R)(ΛΓ
lmnpqΛ)(ΛΓxD)Npq
− 1
3η3
(Λ¯Γef Λ¯)(Λ¯ΓgcR)(Λ¯ΓmnR)(ΛΓ
efghiΛ)(ΛΓcmnD)Nhi
+
2
3η4
(Λ¯Γef Λ¯)(Λ¯ΓgcR)(Λ¯ΓlmR)(Λ¯ΓnpR)(ΛΓ
efghiΛ)(ΛΓclmnqΛ){Nhi, Nqp}
− 1
3η4
(Λ¯Γef Λ¯)(Λ¯ΓgmR)(Λ¯ΓlnR)(Λ¯R)(ΛΓ
efghiΛ)(ΛΓlnmpqΛ){Nhi, Npq}
− 1
3η3
(Λ¯Γef Λ¯)(Λ¯ΓgcR)(Λ¯ΓmnR)(ΛΓ
efghiΛ)(ΛΓchimnD) (I.41)
The differences between this equation and (I.31) is a factor of 2 in the coefficients pro-
portional to η−4 and the non-zero extra term proportional to (ΛΓchimnD). However this
mismatch could be fixed in a possible (normal-ordered) quantum version of both expres-
sions.
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